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Bayesian Symbolic Regression
I n t r o d u c t i o n

Training data

Distribution of Likely Equations

Sample
Count

Joint Posterior

Training data

Best Fit Equation

Standard Symbolic Regression Bayesian Symbolic Regression
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Bayesian Symbolic Regression
I n t r o d u c t i o n

• Applying Bayesian Inference to Symbolic Regression
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Prior Construction
P r i o r s

Wikipedia
List of scientific equations 
named after people

https://en.wikipedia.org/wiki/List_of_scientific_equations_named_after_people

1. Identify a corpus of equations that represents the subject 
matter of interest

2. Identify features/statistics of interest
• Operator occurrence
• Equation complexity

3. Build prior to encapsulate those feature(s)

Simplest: (improper) uniform prior 
       all equations are equally probable

https://en.wikipedia.org/wiki/Richard_Feynman

Feynman Equations
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Bayesian Machine Scientist (BMS) Prior
P r i o r s

• Random graph theory

• Goal: match appearance rates of each operator

• Fitting: 
• Matches first 2 moments of distribution
• Inverse fitting by iteratively sampling the prior 

distribution 

• Result: More common operators are more likely
Uniform BMS

sin 𝑥𝑥0 + sin(𝑥𝑥1) 0 -2.80
sin sin(𝑥𝑥0 + 𝑥𝑥1) 0 -2.80

𝐥𝐥𝐥𝐥𝐥𝐥𝑷𝑷 𝑴𝑴  for representative equations (higher = more likely)

Guimerà, Roger, et al. "A Bayesian machine scientist to aid in the solution of 
challenging scientific problems." Science advances 6.5 (2020): eaav6971.
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Katz Backoff Prior
P r i o r s

• N-gram language model

• Goal: 
• match appearance rates of operator groups

• Fitting: 
• Bi-gram implementation
• Back off to unigrams when needed
• Telescoping product of appearance rates

• Result: 
• More common operator groups are more likely

𝜃𝜃 + sin(𝑥𝑥)𝑥𝑥
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x

sin

𝑃𝑃 𝑀𝑀 = 𝑃𝑃(… )𝑃𝑃(… )𝑃𝑃(… )

Uniform BMS Katz
sin 𝑥𝑥0 + sin(𝑥𝑥1) 0 -2.80 -18.03
sin sin(𝑥𝑥0 + 𝑥𝑥1) 0 -2.80 -20.23

𝐥𝐥𝐥𝐥𝐥𝐥𝑷𝑷 𝑴𝑴  for representative equations (higher = more likely)

Bartlett, Deaglan, Harry Desmond, and Pedro Ferreira. "Priors for symbolic regression." Proceedings 
of the Companion Conference on Genetic and Evolutionary Computation. 2023.
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We ran into an issue…
P r i o r s

PySIPS applied to 12 Feynman “hard” datasets + 10% noise, 40 repetitions each

• Benchmark equations were not included in the prior corpus

Prior influence decreases with more data Prior influence decreases with more data

Informative priors perform worse 
than uniform



8

Comparing Priors to Training Corpus
P r i o r s

Reasonable agreement with 
corpus operator frequencies

Poor agreement with corpus 
structural complexities
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Comparing Priors to Training Corpus
P r i o r s

Poor agreement with corpus 
structural complexities

• These priors do not explicitly aim to match the corpus complexity distribution
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Complexity calibration
C o m p l e x i t y - c a l i b r a t e d  P r i o r s

𝑃𝑃𝑐𝑐𝑐𝑐𝑐𝑐 𝑀𝑀 =
𝑝𝑝𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑀𝑀 𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑀𝑀)

𝑍𝑍|𝑀𝑀|

Uniform BMS Katz
sin 𝑥𝑥0 + sin(𝑥𝑥1) 0 -2.80 -18.03
sin sin(𝑥𝑥0 + 𝑥𝑥1) 0 -2.80 -20.23

𝐥𝐥𝐥𝐥𝐥𝐥𝑷𝑷 𝑴𝑴  for representative equations (higher = more likely)
• Given a fixed complexity the priors function well
• Inter-complexity comparisons are biased

• Solution:  complexity calibration
• Tilt distribution to match the corpus 

complexity distribution
• Minimum KL-divergence projection
• Keeps within-complexity comparisons equal
• Normalizes each complexity

𝑍𝑍𝑘𝑘 = �
𝑀𝑀: 𝑀𝑀 =𝑘𝑘

𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑀𝑀)
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Complexity calibration  -  Fitting 𝑍𝑍𝑘𝑘
C o m p l e x i t y - c a l i b r a t e d  P r i o r s

Analytical
• Simplification process is too complex
Brute force
• Too many to trees to enumerate
Hybrid

Inverse
• Iterative fit for 𝑍𝑍𝑘𝑘based on repeated 

sampling of tilted distribution
• Simple, but noisy convergence
• Linear + Log tail fit

𝑍𝑍𝑘𝑘 = �
𝑀𝑀: 𝑀𝑀 =𝑘𝑘

𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑀𝑀)
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Size-Calibrated Katz Prior
C o m p l e x i t y - c a l i b r a t e d  P r i o r s

Good agreement with corpus 
operator frequencies

Good agreement with corpus 
complexity
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SMC in Action
R e s u l t s
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• Results for single run on one of the Feynman 

benchmark datasets 

• Size-Calibrated Katz finds a simpler, better-
fitting expressions

Simpler

M
or

e 
Ac

cu
ra

te



14

Equations Produced
R e s u l t s

Target Equation:  𝑄𝑄 = 𝑘𝑘𝑘𝑘𝑘𝑘ln 𝑉𝑉2
𝑉𝑉1

𝜃𝜃0𝑛𝑛𝑛𝑛ln
𝑉𝑉2
𝑉𝑉1

𝜃𝜃0 − 𝑛𝑛 𝜃𝜃1 + 𝜃𝜃2𝑇𝑇
ln 𝑉𝑉2
𝜃𝜃0

+ ln
𝑉𝑉1
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𝜃𝜃0 + 2𝑉𝑉2

𝜃𝜃0𝑛𝑛𝑛𝑛ln 𝜃𝜃1
 𝑉𝑉2
𝑉𝑉1

2𝑛𝑛 + 𝑛𝑛𝑉𝑉1
𝑛𝑛

𝜃𝜃0𝑛𝑛𝑛𝑛 𝑉𝑉2 − 𝑉𝑉1
𝑉𝑉2 + 𝑉𝑉1 + 𝜃𝜃1 𝑉𝑉2 − 𝑉𝑉1 2 + 𝜃𝜃2𝑉𝑉2𝑉𝑉1 ln 𝑉𝑉1

𝜃𝜃0𝑛𝑛𝑛𝑛 𝑉𝑉2 − 𝑉𝑉1

𝜃𝜃0𝑇𝑇
𝑉𝑉2
𝜃𝜃1𝑉𝑉1

− 𝜃𝜃1𝑉𝑉1 + 𝑛𝑛 ∗ 𝜃𝜃1𝑉𝑉1 − ln −
𝑉𝑉2
𝜃𝜃1𝑉𝑉1

+ 𝜃𝜃1𝑉𝑉1

Prior Posterior Samples
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Benchmark Results
R e s u l t s

Prior influence decreases with more data

Generalization Ability  (Test Error)

Size-calibrated Katz 

Generalization Ability
• Performs similar to uniform and BMS
• Improves over Katz
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Benchmark Results
R e s u l t s

Prior influence decreases with more data

Complexity

Size-calibrated Katz 

Generalization Ability
• Performs similar to uniform and BMS
• Improves over Katz

Complexity
• Produces similar sized equations across 

dataset sizes
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Future Work: Additive Manufacturing Application

melt pool, temperature field solidification, 
microstructure, defects

stress and strain fields, 
fatigue and fracture

𝑥𝑥
𝑧𝑧
𝑦𝑦

Ė11
Ė11

Crystal plasticity simulations

Crystal plasticity 
hardening model
𝐻𝐻𝑠𝑠(𝑔𝑔𝑠𝑠, ̇𝑔𝑔𝑠𝑠)

 (process-structure-property simulations): https://github.com/nasa/materialite 

MODELING PIPELINE• Qualification and certification of 
powder bed fusion

• Defining hardening laws for 
crystal plasticity models

• Prior:
• Bootstrapped with 

Feynman/Wikipedia corpus
• Fine tune with literature on 

hardening models

• Interpretability judged by 
subject mater experts

https://github.com/nasa/materialite
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geoffrey.f.bomarito@nasa.gov

Thank you!
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