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Table 16.1: Results of the tests executed for the Thyroid data set.
Test Iterations Solutions Speed Model quality (mean squared error)

scenario (average) evaluated up on training data on test data
(average) Best model Average Best model Average

1 1,500.00 3,000,000.00 1.00 0.316 0.410 0.381 0.444
2 64.40 2,717,678.80 1.10 0.155 0.283 0.251 0.341
3 65.60 3,199,551.00 2.40 0.166 0.193 0.219 0.233
4 59.80 1,925,755.40 3.18 0.166 0.246 0.199 0.310
5 62.60 2,483,116.60 3.10 0.125 0.173 0.220 0.252
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Current Selection Pressure 
 
Maximum Selection Pressure 
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Figure 16.5: Left: Selection pressure progress of the best test run of test series (5);

Right: Graphical representation of the best test run of test series (4).

gray lines indicating training data scope drifts: every time the selection pressure

became greater than 20, the window was shifted); in the right part we show a

graphical representation of the evaluation of the best classifier trained in test series

(4). This model correctly classifies 98.46% of the training and 98.08% of the test

samples; a detailed confusion matrix is given in Table 16.2.

Obviously, as is summarized in Table 16.1, all GP methods using offspring selec-

tion perform significantly better than the standard implementation. Furthermore,

the use of sliding window mechanisms here resulted in models that perform better

on test data as well as in significant runtime reduction. Due to the fact that on

the one hand not all training data but only the respective current data scopes are

used in the sliding window test series and on the other hand the share of model

evaluation in runtime consumption of GP based data mining is almost 100%, the

algorithms are executed significantly faster: The respective speed up values range

from 2.4 to almost 3.2.
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Table 16.2: Analysis of the best model produced in test series (4) whose evaluation

is displayed in Figure 16.5.

Original Class → 1 2 3

Class 1 29 (2.06%) 0 (0.00%) 2 ( 0.14%)

Predicted 2 5 (0.35%) 63 (4.47%) 19 ( 1.35%)

3 0 (0.00%) 1 (0.07%) 1290 (91.55%)

Correctly Classified 1382 (98.08%)

16.2.2 Discussion

In this section we have summarized the results of sliding window tests for data mining

using GP. Offspring selection is used for determining the resulting selection pressure

which is used for triggering the drift of the current training data scope; we have

reported on a series of tests using a widely used classification benchmark problem

for demonstrating the effects of the use of these enhanced aspects. It has been

shown that it is possible to reduce the algorithm’s runtime as well as to increase the

models’ test quality when applying the sliding window mechanism presented here.

Still, more detailed analysis of this method is needed. For example, the effects

of this drifting mechanism on the genetic diversity are to be analyzed; we are going

to report on this analysis in Chapter 17.
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Chapter 17

Population Dynamics

17.1 Genetic Propagation

17.1.1 Test Setup

When speaking of analysis of genetic propagation as described in Section 12.1, we

analyze how well which parts of the population succeed in propagating their genetic

material to the next generation, i.e. to produce offspring that will be included in the

next generation’s population. In this section we shall report on tests in this area;

major parts have been published in our article on offspring selection and its effects

on genetic propagation in GP based system identification [WAW08a].

We have here used the NOx data set already presented and described in Sec-

tion 14.2.1. Originally, this data set includes 10 variables, each storing approxi-

mately 36,000 samples; the first 10,000 samples are neglected in the tests reported

on here, approximately 18,000 samples are training and 4,000 samples are validation

(which is in this case equivalent to test) data. The last ∼4,000 samples are again

neglected.

In principle, we are using conventional GP (with tournament and proportional

selection) as well as extended GP (with gender specific selection as well as offspring

selection). The details of the test strategies used are given in Table 17.1.

In all three test strategies we applied subtree exchange crossover, the time se-

ries analysis specific evaluation function (with early abortion as described in Sec-

tion 8.1.3) for evaluating solutions, and 1-elitism as well as 15% mutation rate.
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Table 17.1: GP test strategies.

Strategy Properties

(I) |Pop| = 1000;

Conventional GP Tournament parents selection (k = 3)

nr. of rounds: 1000

(II) |Pop| = 1000;

Conventional GP Proportional parents selection;

nr. of rounds: 1000

(III) |Pop| = 500;

Extended Gender specific parents selection

GP (proportional, random);

Offspring selection

(SuccessRatio = 1, MaxSelPres = 100)

17.1.2 Test Results

We have executed independent test series with 5 executions for each test strategy;

the results are to be summarized and analyzed here.

With respect to solution quality and effort1, the extended GP algorithm clearly

outperforms the conventional GP variants (as summarized in Table 17.2).

Table 17.2: Test results.
I II III

Best min. 1,390.21 3,022.12 1,201.23

Quality avg. 1,513.84 5,014.96 1,481.69

(Training) max. 2,431.54 10,013.12 2,012.27

Best min. 8,231.76 12,312.83 4,531.56

Quality avg. 10,351.96 15,747.69 8,912.61

(Test) max. 13,945.23 21,315.23 16,123.34

Generations 500 64.31

Effort 1,000,000 898,332.23

Regarding parents analysis, in all test runs we documented the propagation count

1The number of solutions evaluated is here interpreted as the algorithm’s total effort.
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for each individual and sum these over all generations. So we get

pctotal(i) =
∑

i∈[1;gen]

pc(i) (17.1)

for each individual index i and assuming that gen is the number of generations

executed. Additionally, we form equally sized partitions of the population indices

and sum up the pctotal values for each partition.

In Table 17.3 we give the average pctotal values for percentiles of the populations

of test series I, II and III; for test series I and II we collected the pctotal of 100 indices

for forming a partition, for test series III we collected 50 indices for each partition.

The Figures 17.1 and 17.2 show pctotal values of exemplary test runs of the series I

and II summed up for partitions of 10 solution indices each, Figure 17.3 shows pctotal

values of exemplary test runs of series III summed up for partitions of 5 solution

indices each.

Table 17.3: Average overall genetic propagation of population partitions.

Population Test Strategy

Percentile I II III

0 27.88% 10.31% 13.54%

1 21.29% 10.35% 11.20%

2 16.65% 10.31% 11.67%

3 12.64% 10.26% 10.91%

4 9.06% 10.25% 10.63%

5 6.08% 10.28% 9.85%

6 3.71% 10.24% 9.39%

7 1.88% 10.16% 8.83%

8 0.72% 10.10% 7.92%

9 0.10% 7.74% 6.07%

As we see from the results given in Tables 17.2 and 17.3 and Figure 17.1, there

is a rather high selection pressure when using tournament selection; the results are

rather good and (as expected) less fit individuals are by far not able to contribute

to the population as well as fitter ones, leading to a quick and drastic reduction of

genetic diversity.

The results for test series II, as given in Tables 17.2 and 17.3 and Figure 17.2,

are significantly different: The results are a lot worse (especially on training data)

than those of algorithm variant I, and obviously there is no strong selection pressure
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Figure 17.1: pctotal values for an exemplary run of series I.

 

Figure 17.2: pctotal values for an exemplary run of series II.

 

Figure 17.3: pctotal values for an exemplary run of series III.

as almost all individuals (or, rather the individuals at the respective indices) are

able to contribute almost to the same extent. Only the worst ones are not able

to propagate their genetic material to the next generations as well as better ones.

This is due to the fact that in the presence of very bad individuals roulette wheel

selection selects the best individuals approximately as often as those that perform

middlingly well. Especially in data based modeling there are often individuals that

score extremely badly (due to divisions by very small values, for example), and in

comparison to those all other ones are approximately equally fit.

Finally, test series III obviously produced the best results with respect to training
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as well as validation data (see also Table 17.2). Even more, the results that are given

in Table 17.3, column III, and displayed in Figure 17.3, show that the combination

of random and roulette parents selection and offspring selection results in a very

moderate distribution of the pctotal values: Fitter individuals contribute more than

less fit ones, but even the worst ones are still able to contribute to a significant

extent. Thus, genetic diversity is increased which also contributes positively to the

genetic programming process.

17.1.3 Summary

Thus, in order to sum up this section, offspring selection in genetic programming

based system identification significantly influences the algorithm’s ability to create

high quality results as well as the genetic propagation dynamics: Not only fitter

individuals are able to propagate their genetic make-up, but also less fit ones are

able to contribute to the next population. This is also somehow the case when us-

ing proportional selection, but in the presence of individuals with very bad fitness

values the selection pressure is almost lost which leads to solutions of rather bad

quality. When using offspring selection, extremely bad individuals are eliminated

immediately; when using OS in combination with gender specific parent selection

(applying random and proportional selection mechanisms), GP is able to produce

significantly better results than when using standard techniques. Parents diversifi-

cation and thus increased genetic diversity in GP populations is considered one of

the most influential aspects in this context.

17.1.4 Additional Tests Using Random Parents Selection

In addition to the tests reported on in the previous parts of this section we have also

tested conventional as well as extended GP using random parents selection. Thus,

we have two more test cases to be analyzed.

As we had expected, the test results obtained for standard GP with random par-

ents selection were very bad; obviously, no suitable models were found. When using

OS, on the contrary, the test results for random parents selection were not that bad

at all: The models are (on training data) not quite as good as those obtained using

random/roulette and OS or conventional GP with tournament parents selection, but

still they perform (surprisingly) well on test data2. In Table 17.5 we summarize the

2Of course, these remarks are only valid for the tests reported on here - we do here not give
any general statement regarding result quality using random parents selection and OS.
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Table 17.4: Additional GP test strategies.

Strategy Properties

(IV) |Pop| = 2000;

Conventional GP Random parents selection

nr. of rounds: 500

(V) |Pop| = 500;

Extended Random parents selection

GP Offspring selection

(SuccessRatio = 1, MaxSelPres = 100)

respective result qualities.

In Table 17.6 we give the average pctotal values for percentiles of the populations

of test series IV and V (collecting the pctotal values of 200 indices for forming a

partition for series IV and 50 indices for each partition for series V). Obviously

(and exactly as we had expected) random parents selection leads to all individuals

having the approximately same success in propagating their genetic make-up. When

using OS, the result is (even a little bit surprisingly) significantly different: Better

individuals have a much higher chance to produce successful offspring than worse

ones; the probability of the best 10%, for example, to produce successful children is

almost twice as high as the probability of the worst 10% to do so.

Obviously, random parents selection leads to an increased number of generations

that have to be executed until a given selection pressure limit is reached. This is

graphically shown in Figure 17.4, which gives the selection pressure progress for

Table 17.5: Additional test results (random parents selection).

IV V

Best min. >50,000.00 5,041.22

Quality avg. >50,000.00 7,726.11

(Training) max. >50,000.00 8,843.73

Best min. >50,000.00 7,129.31

Quality avg. >50,000.00 8,412.31

(Test) max. >50,000.00 12,653.98

Generations 500 102.86

Effort 1,000,000 1,324,302
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Table 17.6: Average overall genetic propagation of population partitions for random

parents selection tests.

Population Test Strategy

Percentile IV V

0 10.03 % 13.16 %

1 10.02 % 12.07 %

2 9.98 % 11.41 %

3 9.99 % 10.66 %

4 10.02 % 10.30 %

5 9.99 % 9.33 %

6 10.00 % 8.96 %

7 9.98 % 8.62 %

8 9.99 % 7.81 %

9 10.00 % 7.68 %

two exemplary test runs of the test series including OS, i.e. III and V. In the

standard case using random / roulette parents selection and offspring selection,

III, the selection pressure obviously rises faster than when using random parents

selection in combination with strict offspring selection. Still, even though it takes

longer when using random parents selection, the characteristics are very similar, i.e.

it rises steadily with some notable fluctuations.

Average Selection Pressure Progress

0

10

20

30

40

50

60

70

80

90

100

0 10 20 30 40 50 60 70 80 90 100

Generations

Sel.Pres. (III)

Sel.Pres. (V)

 

Figure 17.4: Selection pressure progress in two exemplary runs of test series III and

V (extended GP with gender specific parents selection and strict offspring selection).
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17.2 Variables Diversity

The functions designed for estimating the variables diversity among GP populations

described in Section 12.2 have been used for demonstrating internal GP dynamics

in standard as well as in extended genetic programming. Thus, again the Thyroid

and the NOx data sets, described previously in Chapter 15 and Sections 14.2.1

and 14.2.2, respectively, have been used as basic problems.

In Section 17.2.1 the reader can find a summary of first variables diversity and

impact test results previously published in [WAW07c], Section 17.2.2 summarizes

systematic variables impact tests using standard and extended GP strategies.

17.2.1 First Exemplary Results

Initial variables diversity and impact tests were, as reported on in [WAW07c], done

using the Thyroid data set as well as the NOx data set II (as described in Sec-

tion 14.2.1); 80% of both data sets were used as identification, 10% as validation

and 10% as test data. All tests were executed using 12% mutation rate and single

point crossover and mutation operators. The most relevant test settings are summa-

rized in Table 17.7; extended GP hereby stands for GP with gender specific parents

selection (random and proportional selection) and strict offspring selection, MSP for

maximum selection pressure.

Table 17.7: Summary of data and algorithm specific settings of the GP tests inves-

tigated in initial variables diversity tests.
Test Data Set GP Algorithm Pop. Size Parameter Settings
I Thyroid Standard GP 1,000 Number of generations = 1,500

Linear Rank Selection
II NOx Extended GP 500 MSP = 200, Success Ratio = 1.0

(with OS) Random & Roulette Parents Selection
III NOx Extended GP 500 MSP = 200, Success Ratio = 0.9

(with OS) Random & Roulette Parents Selection
IV Thyroid OS-driven 1,000 Sliding Window Moving MSP = 20

Sliding Window GP MSP = 200, Success Ratio = 1.0
Random & Roulette Parents Selection

Test case IV was taken from the test series executed in the course of investiga-

tions of sliding window behavior for GP (see Section 16.2 for details). The main

difference here is that the algorithm starts considering only a part of the training
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data available; after reaching a certain maximum selection pressure, the data scope

used for evaluating models is shifted until the end of the data set is reached. This

approach significantly increases the speed of GP based structure identification as

well as it helps the method to decrease the effects of overfitting. The test case

analyzed here is part of test series 5 explained in detail in Section 16.2.

First we report on the results obtained using standard GP: In Figures 17.5, 17.6,

and 17.7 selected analysis results for test run I are illustrated. Figure 17.5 shows

the impact of all variables over time using the “mean” replacement strategy (defined

in Equation 12.10) and the sum of squared differences function for calculating the

impact values. Figures 17.6 and 17.7 show the total number of occurrences for all

variables at generations 1400 and 1450, respectively. There is obviously no notable

variables selection process and also no clear statement possible regarding which

variables are more important for modeling the given target variable than others.

 

Figure 17.5: Test run I: The impact of all variables is shown over time for the first

1000 generations.

 

Figure 17.6: Test run I: Total occurrences at generation 1400.

In Figures 17.8, 17.9 and 17.10 we visualize the impact of all variables for test

run II. In Figure 17.8 we show the impact using the “linear regression” (see Equa-

tions 12.11 – 12.15) replacement strategy and the correlation coefficient (defined in
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Figure 17.7: Test run I: Total occurrences at generation 1450.

 

Figure 17.8: Test run II: The impact of all variables over time.

 

Figure 17.9: Test run II: Final impact analysis, calculated using the rmean /

impactmsd strategy.

Equation 12.22) impact function; Figures 17.9 and 17.10 show the variables’ impact

at the end of the algorithm’s execution (based on rmean / impactmsd and rlinreg /

impactcc strategies, respectively). Here the variables selection functionality of GP

becomes obvious, still the results differ quantitatively depending on the selection of

replacement and impact strategies applied.

The Figures 17.11 and 17.12 characterize the algorithmic behavior in test run

III: Even though several variables occur rather often in the population, only one

variable dominates all other ones with respect to occurrence (Figure 17.11) as well
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Figure 17.10: Test run II: Final impact analysis, calculated using the rlinreg /

impactcc strategy.

 

Figure 17.11: Test run III: Occurrence of variables over time.

 

Figure 17.12: Test run III: Impact of variables over time.

as impact (applying rlinreg and impactcc strategies, Figure 17.12).

Figures 17.13 and 17.14 finally show the total occurrences of all variables during
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Figure 17.13: Test run IV: Occurrences of variables over time.

the execution of test run IV and the impact of variables (again applying the rmean

/ impactmsd strategy). Here it is even more obvious that one variable dominates all

other ones; genetic diversity almost seems to have disappeared since all models only

use one variable and simply seem to neglect all other ones.

 

Figure 17.14: Test run IV: Impact of variables over time.
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17.2.2 Detailed Analysis, Comparing Standard GP to Ex-

tended GP

17.2.2.1 Test Setup

Analyzing the variables diversity and impact test results reported on in the previous

section it became clear that a more systematic comparison of standard and extended

GP was necessary. So, again using the Thyroid data set and the NOx data set III

(see Section 14.2.2 for details), we defined the two test strategies summarized in

Table 17.8; we intentionally applied no local adaptation as we wanted to concentrate

on similarities or differences of these two GP strategies with respect to variables

diversity or impact distribution.

Table 17.8: Summary of data and algorithm specific settings of the systematic GP

tests designed for comparing standard to extended GP.
Test Data Set GP Algorithm Pop. Size Parameter Settings
I NOx Extended GP 1,000 MSP = 200, Success Ratio = 1.0

Random & Roulette Parents Selection
II Thyroid Extended GP 1,000 MSP = 200, Success Ratio = 1.0

Random & Roulette Parents Selection
III NOx Standard GP 1,000 Number of generations = 2,000

Tournament Parents Selection (k = 3)
IV Thyroid Standard GP 1,000 Number of generations = 2,000

Tournament Parents Selection (k = 3)

17.2.2.2 Variables Diversity Results

All test cases were executed 5 times independently; the maximum height of the

formulae created was set to 6, the maximum structure tree size to 60. For each

variable available in the two data sets used we monitored the occurrences (i.e.,

the number of solutions referencing it, weighted using fitness dependent weighting

factors as described in Equations 12.26 and 12.28), for the NOx tests also their

respective impacts (using the rmean / impactmsd strategy). As it is not easy to

illustrate all these results graphically (at least in a relatively compact way) we see the

results summarized in Tables 17.9 – 17.14; for each variable we see the occurrences

or impact values, respectively, given as mean values and standard deviations (over

the test runs executed) for several selected generations.
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Table 17.9: Average weighted numbers of solutions referencing input variables in

test runs of GP strategy I.
Generation 10 Generation 40 Generation 80 End of Run
Mean StdDev Mean StdDev Mean StdDev Mean StdDev

qMI 38.1 18.7 385.1 303.7 435.9 182.5 624.0 342.8
pMI 93.9 81.3 34.0 56.1 583.0 719.9 433.0 541.3
HFM 472.4 138.7 952.2 736.7 913.9 553.8 973.6 276.2
N 263.6 76.0 477.5 288.0 589.0 572.0 486.5 251.7
qPI 50.4 20.2 23.8 32.8 0.1 0.1 0.0 0.0
tiP I 70.1 63.6 8.4 14.7 0.4 0.8 0.0 0.0
pRAIL 50.9 47.8 210.0 181.9 171.2 159.5 224.1 253.4
pBOOST 199.4 119.8 55.4 93.3 106.4 184.4 265.3 459.5

Table 17.10: Average weighted numbers of solutions referencing input variables in

test runs of GP strategy II.
Generation 10 Generation 20 Generation 40 End of Run
Mean StdDev Mean StdDev Mean StdDev Mean StdDev

V ar00 5.8 3.7 25.5 35.7 110.6 129.3 185.0 216.8
V ar01 114.3 128.4 160.7 318.7 152.8 305.0 256.0 511.0
V ar02 37.2 62.1 68.7 129.8 119.8 141.6 145.6 172.0
V ar03 4.2 4.1 16.2 20.6 1.1 1.3 1.5 2.5
V ar04 11.4 1.5 40.2 73.6 0.2 0.2 20.5 40.7
V ar05 20.2 15.2 2.76 2.9 0.7 0.9 1.4 1.6
V ar06 11.3 2.2 1.3 1.4 7.3 8.2 26.2 38.0
V ar07 26.1 27.1 9.6 11.5 88.8 98.8 145.4 169.4
V ar08 45.6 55.9 62.1 118.4 3.6 2.2 3.5 4.3
V ar09 78.8 85.3 131.3 225.5 54.1 90.2 90.4 151.3
V ar10 51.2 91.4 33.3 54.39 111.6 212.4 184.8 357.4
V ar11 13.9 5.7 1.7 1.41 43.4 77.6 72.1 130.6
V ar12 79.4 81.9 78.5 127.8 60.2 73.4 62.4 55.3
V ar13 45.0 33.6 4.4 5.1 15.7 28.8 26.3 48.4
V ar14 25.1 21.7 1.5 1.2 0.1 0.1 0.2 0.2
V ar15 36.8 38.0 23.7 34.5 91.0 105.8 136.0 157.1
V ar16 316.9 397.9 233.5 303.4 441.4 360.6 553.5 616.2
V ar17 81.8 95.1 93.2 162.6 204.3 284.4 346.3 482.2
V ar18 63.1 62.4 120.1 209.2 152.3 201.6 28.8 46.5
V ar19 3.0 1.9 17.2 32.5 0.1 0.08 0.1 0.1
V ar20 120.4 186.9 237.3 263.0 286.1 369.3 586.7 666.5
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Table 17.11: Average weighted numbers of solutions referencing input variables in

test runs of GP strategy III.
Generation 100 Generation 500 Generation 1000 Generation 2000
Mean StdDev Mean StdDev Mean StdDev Mean StdDev

qMI 341.4 218.9 329.3 103.6 303.5 102.3 480.2 129.6
pMI 15.6 15.6 53.5 83.5 705.0 1185.6 85.3 142.1
HFM 617.0 298.0 784.6 589.0 1204.9 803.7 1418.4 1005.7
N 426.5 137.3 588.9 270.4 745.3 297.7 945.9 368.0
qPI 7.5 3.2 76.8 126.6 111.0 204.2 143.4 260.2
tiP I 81.7 130.6 7.2 1.7 9.9 3.6 17.6 13.7
pRAIL 9.4 6.7 187.2 137.5 287.6 219.8 355.9 246.4
pBOOST 11.9 9.3 59.3 101.7 82.7 143.7 109.8 182.3

Table 17.12: Average weighted numbers of solutions referencing input variables in

test runs of GP strategy IV.
Generation 100 Generation 500 Generation 1000 Generation 2000
Mean StdDev Mean StdDev Mean StdDev Mean StdDev

V ar00 20.8 34.4 19.5 37.5 31.1 57.1 42.5 81.5
V ar01 103.8 124.3 141.2 220.8 143.3 208.8 184.9 288.3
V ar02 2.1 2.1 1.2 0.7 3.4 3.1 44.6 83.1
V ar03 1.1 0.6 0.6 0.5 2.1 1.1 2.4 1.6
V ar04 2.4 2.4 0.9 0.3 60.8 117.2 1.7 1.1
V ar05 18.5 17.5 2.3 1.8 2.2 1.5 2.9 2.4
V ar06 94.9 112.1 66.5 95.7 54.5 105.0 145.9 170.8
V ar07 21.5 40.6 57.6 64.8 121.2 86.0 145.4 164.4
V ar08 16.2 22.9 71.9 49.9 109.9 75.9 149.3 165.9
V ar09 5.0 8.3 1.3 0.9 5.3 6.3 31.8 57.6
V ar10 63.8 125.7 123.9 185.4 203.7 315.6 136.8 157.4
V ar11 3.6 4.0 52.6 102.0 2.4 0.8 3.0 1.9
V ar12 87.8 173.3 121.8 231.7 172.0 274.8 348.1 598.4
V ar13 14.2 25.1 33.6 43.6 151.6 175.6 267.6 310.8
V ar14 23.5 31.1 7.2 11.2 2.1 1.2 4.5 0.7
V ar15 54.5 107.3 65.0 91.1 95.2 176.1 152.1 15.3
V ar16 140.0 188.9 266.6 236.3 436.8 370.7 298.2 271.7
V ar17 2.5 2.1 100.2 196.5 200.7 397.1 186.8 367.1
V ar18 133.0 264.4 113.7 92.0 220.3 221.1 328.8 389.5
V ar19 2.8 1.1 40.5 77.1 70.2 136.0 102.0 116.2
V ar20 56.2 109.8 74.7 96.5 86.7 109.4 90.7 99.9



266 CHAPTER 17. POPULATION DYNAMICS

Variables Frequencies (Test Run of Series II)
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Figure 17.15: Variables diversity over time in an exemplary test run of series II.

 

Variables Frequencies (Test Run of Series IV)
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Figure 17.16: Variables diversity over time in an exemplary test run of series IV.
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In Figure 17.15 we see the weighted frequency progresses of the variables in an

exemplary run of test strategy II, Figure 17.16 visualizes the frequencies progresses

in an exemplary run of strategy IV.

Analyzing the statistic features regarding variables frequencies and impacts as

well as the Figures 17.15 and 17.16, the following speculation arises: The fluctu-

ation of the calculated frequencies and impact values seem to differ significantly

when comparing standard to extended GP; extended GP seems to have a stronger

tendency to select variables strictly, i.e. to remove variables from the population

completely. Additionally, at least when analyzing the variables impact results for

the NOx tests, the results of the standard GP tests vary more than those produced

by extended GP (which can be seen by comparing the results’ standard deviations);

extended GP here seems to be more stable with respect to variables impact diversity

than standard GP. Still, this does not seem to be the case for variables occurrences:

The variables’ frequencies results of extended GP strategies differ not less, but rather

more than those of standard GP tests.

Table 17.13: Average impacts of input variables in test runs of GP strategy I.
Generation 10 Generation 40 Generation 80 End of Run
Mean StdDev Mean StdDev Mean StdDev Mean StdDev

qMI 0.0012 0.0001 0.1233 0.1776 0.1219 0.0893 0.2360 0.2580
pMI 0.0010 0.0019 0.0000 0.0000 0.0167 0.0217 0.0110 0.0139
HFM 0.0640 0.0256 0.0981 0.0643 0.1525 0.0876 0.2873 0.2673
N 0.0029 0.0008 0.0251 0.0245 0.1039 0.0706 0.0987 0.0984
qPI 0.0004 0.0007 0.0006 0.0012 0.0136 0.0271 0.0000 0.0000
tiP I 0.0027 0.0053 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
pRAIL 0.0011 0.0019 0.0107 0.0125 0.0257 0.0303 0.0181 0.0214
pBOOST 0.0000 0.0000 0.0000 0.0000 0.0001 0.0002 0.0000 0.0001

Table 17.14: Average impacts of input variables in test runs of GP strategy III.
Generation 100 Generation 500 Generation 1000 Generation 2000
Mean StdDev Mean StdDev Mean StdDev Mean StdDev

qMI 0.1471 0.1351 0.0374 0.0399 0.0904 0.1539 0.2599 0.4494
pMI 0.0225 0.0380 0.1262 0.1584 0.1138 0.0964 0.1189 0.1952
HFM 0.1366 0.0797 0.0809 0.0701 0.0008 0.0015 0.1515 0.1148
N 0.0887 0.1527 0.0539 0.0703 0.0599 0.0807 0.0844 0.0564
qPI 0.1700 0.1586 0.1314 0.0488 0.2656 0.1074 0.1207 0.0766
tiP I 0.0813 0.1263 0.0591 0.0123 0.0776 0.1241 0.1339 0.1857
pRAIL 0.0854 0.1274 0.0681 0.1068 0.0519 0.0899 0.0802 0.0722
pBOOST 0.0238 0.0413 0.0153 0.0266 0.0833 0.0732 0.3104 0.1828
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17.2.2.3 Variables Diversity Fluctuation Analysis

In order to compare standard GP to extended GP a bit more systematically with

respect to fluctuations in variables diversity we calculate the average differential

values of the variables frequencies or impact values, respectively, and then sum up

all these values:

x′t = xt−1 − xt (17.2)

x′total =
1

n− 1

∑
i∈[2;n]

|x′i| (17.3)

where x1 . . . xn denotes the frequency or impact values monitored over n generations.

Of course, this way of comparing GP incorporating OS to standard GP is not

quite fair because the numbers of generations differ a lot (the number of generations

in standard GP is here set to 2,000 whereas extended GP is here finished after 100

to 150 rounds). The number of individuals created and evaluated per generation

is fixed in standard GP (i.e., equal to the population’s size), in GP with offspring

selection this number can be a lot higher (depending on OS parameters, for example

it can become 10 or 50 times as much as the population’s size). Thus, one could

bring forward the argument that it would be fairer to calculate the fluctuation in

standard GP as the differential of order 10 instead of 1:

x′10t = xt−10 − xt (17.4)

x′total10
=

1

n− 10

∑
i∈[11;n]

|x′10t | (17.5)

In the Tables 17.15 and 17.16 we summarize the x′total values for the variable’s

frequencies and impact values, given as mean average values; for the standard GP

tests the x′total10
values are also stated.

The results given in Table 17.15, which summarizes the fluctuations in NOx tests,

show that variables frequencies fluctuate (with respect to first order derivative) more

in OS GP than in standard GP, but when looking also at the x′total10
values we see

that the extended GP test runs seem to have run more smoothly (with respect to

variables frequencies) than standard GP runs.

The results for the Thyroid tests are even more univocal: The GP runs incorporating

roulette and random parents selection as well as offspring selection partially show

less variables frequencies fluctuation than the standard GP tests, even considering

the first order derivatives; again, looking at the x′total10
values we see that extended

GP seems to have run a lot more smoothly than standard GP.
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Table 17.15: Fluctuation of variable frequencies for test strategies I and III.
Variable x′

total(frequencies) x′
total10

(frequencies)
Name Strategy I Strategy III Strategy III
qMI 18587.44 524.32 5296.70
pMI 158.35 124.28 4789.46

HFM 17675.91 973.60 7908.22
N 14127.64 1164.80 7132.37

qPI 569.81 387.16 3185.82
tiP I 332.09 27.15 403.80

pRAIL 297.62 154.97 2452.97
pBOOST 1248.82 166.95 5373.77

Table 17.16: Fluctuation of variable frequencies for test strategies II and IV.
Variable x′

total(frequencies) x′
total10

(frequencies)
Name Strategy II Strategy IV Strategy IV
V ar00 56.82 115.38 144.06
V ar01 92.25 1138.44 2327.61
V ar01 245.13 1865.43 6425.16
V ar03 187.83 132.33 242.7
V ar04 170.1 103.89 264.48
V ar05 464.4 172.8 1001.76
V ar06 120.6 182.76 658.89
V ar07 118.5 639.69 1901.4
V ar08 523.92 1124.73 2375.37
V ar09 122.91 130.92 620.55
V ar10 140.67 302.82 334.38
V ar11 238.35 147.24 2201.91
V ar12 315.06 726.78 419.94
V ar13 153.51 348.51 3539.82
V ar14 245.25 220.23 553.44
V ar15 552.66 268.08 413.22
V ar16 805.23 297.42 1295.91
V ar17 74.04 711 1082.22
V ar18 98.34 5792.28 11128.83
V ar19 83.07 68.19 52.98
V ar20 2658.24 2327.19 9436.5
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17.3 Single Population Diversity Analysis

17.3.1 GP Test Strategies

Within our first series of empirical tests regarding solutions similarity and diversity

we analyzed the diversity of populations of single population GP processes. For

testing the population diversity analysis method described in Section 12.4 and il-

lustrating graphical representations of the results of these tests we have used the

following two data sets:

• The NOx data set contains the measurements taken from a 2 liter 4 cylinder

BMW diesel engine at a dynamical test bench (simulated vehicle: BMW 320d

Sedan); this data set has already been described in Section 14.2.2.

• The Thyroid data set is a widely used machine learning benchmark data set

containing the results of medical measurements which were recorded while in-

vestigating patients potentially suffering from hypothyroidism; further details

regarding this data set can be found in Chapter 15.

Both data collections have been split into training and validation / test data

partitions taking the first 80% of each data set as training samples available to the

identification algorithm; the rest of the data is considered as validation data.

We have used various GP selection strategies for analyzing the NOx and the

Thyroid data sets:

• On the one hand, we have used standard GP with proportional as well as

tournament selection (tournament size k = 3).

• On the other hand we have also intensively tested GP using offspring selection

and gender specific parents selection (proportional and random selection).

In general, we have tested GP with populations of 1,000 solution candidates

(with a maximum tree size of 50 and a maximum tree height of 5), standard subtree

exchange crossover, structural as well as parametric node mutation and total 15%

mutation rate; the mean squared errors function was used for evaluating the solutions

on training as well as on validation (test) data. Other essential parameters vary

depending on the test strategies; these are summarized in Table 17.17.
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Table 17.17: GP test strategies.

Strategy Properties

(A) Standard GP Tournament parents selection

(tournament size k = 3);

Number of generations: 4000

(B) Standard GP Proportional parents selection;

Number of generations: 4000

(C) GP with OS Gender specific parents selection;

(Random & proportional)

Success ratio: 0.8

Comparison factor: 0.8

(Maximum selection pressure: 50

(not reached)

Number of generations: 4000

(D) GP with OS Gender specific parents selection;

(Random & proportional)

Success ratio: 1.0

Comparison factor: 1.0

Maximum selection pressure: 100

17.3.2 Test Results

In Table 17.18 we summarize the quality of the best models produced using the GP

test strategies (A) – (D); for the NOx data set the quality is given as the mean

squared error, for the Thyroid data set we give the classification accuracy, i.e. the

ratio of samples that are classified correctly. The models are evaluated on training as

well as on validation data; as each test strategy was executed 5 times independently,

we here state mean average and standard deviation values.

Obviously, the test series (A) and (D) perform best; the results produced using

offspring selection are better than those using standard GP. The classification results

for the Thyroid data set are not quite as good as those reported in [WAW06e] and

Section 8.2; this is due to the fact that we here used smaller models and concentrated

on the comparison of GP strategies with respect to population diversity.

Solution quality analysis is of course important and interesting, but here we are

more interested in a comparison of population diversity during the execution of the

GP processes. We have calculated the similarity among the GP populations during



272 CHAPTER 17. POPULATION DYNAMICS

Table 17.18: Test results: Solution qualities.

Results for NOx test series

GP Strategy

(A) (B) (C) (D)

Training (mse) 2.518 5.027 2.674 1.923

Training (std(mse)) 1.283 2.142 2.412 0.912

Validation (mse) 3.012 5.021 2.924 2.124

Validation (std(mse)) 1.431 3.439 2.103 1.042

Evaluated solutions, avg. 4 · 106 4 · 106 10.2 · 106 3.91 · 106

Generations (avg.) 4,000 4,000 4,000 98.2

Results for Thyroid test series

GP Strategy

(A) (B) (C) (D)

Training (cl. acc., avg.) 0.9794 0.9758 0.9781 0.9812

Training (cl. acc., std) 0.0032 0.0017 0.0035 0.0012

Validation (cl. acc., avg.) 0.9764 0.9675 0.9767 0.9804

Validation (cl. acc., std) 0.0029 0.0064 0.0069 0.0013

Evaluated solutions, avg. 4 · 106 4 · 106 12.2 · 106 5.1 · 106

Generations (avg.) 4,000 4,000 4,000 167.8

the execution of the GP test series described in Table 17.17: The multiplicative

similarity approach (as defined in Equations 11.21 – 11.23) has been chosen; all co-

efficients c1 . . . c10 were set to 0.2, only the coefficient c1 weighting the level difference

contribution d1 was set to 0.8.

In Table 17.19 we give the average population similarity values calculated using

Equation 12.51; again, as each test series was executed several times, we give the

average and standard deviation values (written in italic letters). As we see in the

first row, the average similarity values are approximately in the interval [0.2; 0.25] at

the beginning of the GP runs, i.e. after the initialization of the GP populations. In

standard GP, as can be seen in the first column, the average similarity reaches values

above 0.7 after 400 generations and stays at approximately this level until the end of

the execution of the GP process; in the end, the average similarity was ∼0.87 in the

NOx tests and ∼0.81 in the Thyroid test series. Analyzing the second and the third

column we notice that this is not the case in test series (B) and (C): The similarity

values do in test series (B) by far not rise as high as in series (A) (especially when

working on the Thyroid data set), and also in test series (C) we have measured
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significantly lower similarities than in series (A) (i.e., the population diversity was

higher during the whole GP process). Obviously, the use of offspring selection

with rather soft parameter settings (i.e., success ratio and comparison factor set

to values below 1.0) does not have the same effects on the GP process as strict

ones. The by far highest similarity values are documented for test series (D) using

maximally strict offspring selection (which has produced the best quality models,

as documented in Table 17.18): As is summarized in the far right column, during

the whole evolutionary process the mutual similarity among the models increases

steadily, while also the selection pressure increases. In the end, when the selection

pressure reaches a high level (in these cases, the predefined limit was set to 100) and

the algorithm stops, we see a very high similarity among the solution candidates,

i.e. the population has converged and evolution is likely to have gotten stuck. This

is in fact consistent with the impression already stated in [WAW06a] or [WAW06e],

e.g.; here we see that this in fact really happens.

Similarity Values Histogram (NOx, A, Generation 200)

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

P
ro

p
o

rt
io

n
 o

f 
S

im
ila

ri
ty

 V
al

u
es

 

Figure 17.17: Distribution of similarity values in an exemplary run of NOx test series

A, generation 200.

In Table 17.20 we summarize the maximum population diversity values calculated

using Equation 12.52; again we give the average and standard deviation values

(written in italic letters). As we see in the first (left) column, in standard GP

with tournament selection the average maximum similarity reaches values above

0.95 rather fast, i.e. for all models in the population rather similar solutions can be

found. This is not the case when using proportional selection. When using offspring

selection the same effect as in standard GP with tournament selection can be seen,

especially in the NOx test series.

The Figures 17.17 – 17.20 exemplarily show the average population diversity by
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Table 17.19: Test results: Population diversity (average similarity values; avg, std).

NOx tests

Gen. GP Strategy Gen. GP Strategy

(A) (B) (C) (D)

0 0.247 0.250 0.270 0 0.197

0.041 0.031 0.037 0.039

100 0.723 0.491 0.517 10 0.397

0.073 0.051 0.038 0.039

400 0.813 0.497 0.564 20 0.603

0.035 0.058 0.059 0.049

1000 0.859 0.510 0.520 40 0.810

0.021 0.055 0.052 0.039

4000 0.871 0.518 0.526 End of 0.985

(End of run) 0.019 0.059 0.053 run 0.032

Thyroid tests

Gen. GP Strategy Gen. GP Strategy

(A) (B) (C) (D)

0 0.206 0.205 0.208 0 0.197

0.041 0.040 0.036 0.040

100 0.581 0.241 0.444 10 0.397

0.047 0.043 0.035 0.039

400 0.737 0.321 0,610 20 0.602

0.032 0.058 0.026 0.049

1000 0.808 0.341 0.692 40 0.810

0.029 0.049 0.031 0.041

4000 0.812 0.343 0.701 End of 0.975

(End of run) 0.038 0.056 0.030 run 0.019

giving the distribution of similarities among all individuals. The Figures 17.17 and

17.18 show the similarity distributions of an exemplary test run of series (A) at

generation 200 and 4000; obviously, most similarity calculations returned similarity

values between 0.7 and 1.0, and the distribution at generation 200 is comparable to

the distribution at the end of the test run. For the GP runs incorporating offspring

selection this is not the case, as we exemplarily see in Figures 17.19 and 17.20:

After 20 generations most similarity values almost fit Gaussian distribution with

mean value 0.8, and at the end of the run all models are very similar to each other

(i.e., the population has converged, the selection pressure reaches the given limit
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Table 17.20: Test results: Population diversity (maximum similarity values; avg,

std).

NOx tests

Gen. GP Strategy Gen. GP Strategy

(A) (B) (C) (D)

0 0.919 0.934 0.904 0 0.936

0.116 0.095 0.123 0.109

100 0.995 0.825 0.944 10 0.961

0.014 0.074 0.059 0.049

400 0.998 0.809 0.978 20 0.971

0.006 0.075 0.037 0.033

1000 0.999 0.811 0.965 40 0.995

0.005 0.059 0.044 0.012

4000 0.999 0.819 0.969 End of 0.996

(End of run) 0.003 0.066 0.035 run 0.009

Thyroid tests

Gen. GP Strategy Gen. GP Strategy

(A) (B) (C) (D)

0 0.823 0.771 0.766 0 0.777

0.127 0.145 0.145 0.157

100 0,958 0.749 0.840 10 0.873

0.028 0.123 0.094 0.101

400 0.973 0.752 0.883 20 0.934

0.032 0.125 0.067 0.049

1000 0.977 0.744 0.913 40 0.976

0.022 0.117 0.061 0.022

4000 0.977 0.754 0.909 End of 0.999

(End of run) 0.021 0.111 0.058 run 0.004

and the algorithm stops).

Finally, Figure 17.21 shows the average similarity values for each model (cal-

culated using Equation 12.49) for exemplary test runs of the Thyroid test series

(A)3 and (D). Obviously, the average similarity in standard GP reaches values in

the range [0.7;0.8] very early and then stays at this level during the rest of the GP

3In fact, for the test run of series (A) we here only show the progress over the first 2000
generations.
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Similarity Values Histogram (NOx, A, Generation 4000)
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Figure 17.18: Distribution of similarity values in an exemplary run of NOx test series

A, generation 4000.
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Figure 17.19: Distribution of similarity values in an exemplary run of NOx test series

(D), generation 20.

execution. When using gender specific selection and offspring selection, otherwise,

the average similarity steadily increases during the GP process and almost reaches

1.0 at the end of the run, when the maximum selection pressure is reached.
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Similarity Values Histogram (NOx, D, Generation 95)
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Figure 17.20: Distribution of similarity values in an exemplary run of NOx test series

(D), generation 95.
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Figure 17.21: Population diversity progress in exemplary Thyroid test runs of series

(A) and (D) (shown in the upper and lower graph, respectively).
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17.3.3 Conclusion

Structural similarity estimation has been used for measuring the genetic diversity

among GP populations: Several variations of genetic programming using different

types of selection schemata have been tested using fine-grained similarity estimation,

and two machine learning data sets have been used for these empirical tests. The

test results presented show that population diversity differs a lot in the test runs

depending on the selection schemata used.
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17.4 Multi Population Diversity Analysis

Our second series of empirical tests regarding solutions similarity and diversity was

dedicated to the diversity of populations of multi population GP processes; for

testing the multi population diversity analysis method described in Section 12.4

and illustrating graphical representations of the results of these tests we have again

used the following two data sets: The NOx data set described in Section 14.2.2 as

well as the Thyroid data set.

Both data collections have been split into training and validation / test data

partitions; in the case of the NOx data set the first 50% of the data set were used as

training samples, in the case of the Thyroid data set the first 80% were considered

by the training algorithms.

17.4.1 GP Test Strategies

In general, 4 different strategies for parallel genetic programming have been applied:

• Parallel island GP without interaction between the populations; i.e., all pop-

ulations evolve independently.

• Parallel island GP with occasional migration after every 100th generation in

standard GP and every 5th generation in GP with offspring selection: The

worst 1% of each population pi is replaced by copies of the best 1% of solutions

in population pi−1; the best solutions of the last population (in the case of n

population that is pn) replace the worst ones of the first population (p1). The

unidirectional ring migration topology has been used.

• Parallel island GP with migration after every 50th generation in standard GP

and every 5th generation in GP with offspring selection: The worst 5% of each

population pi is replaced by copies of the best 5% of solutions in population

pi−1. Again, the unidirectional ring migration topology has been used.

• Finally, the SASEGASA algorithm as described in Section 5.1.6 has been used

as well.

In all cases the algorithms have been initialized with 5 populations, each contain-

ing 200 solutions (in our case representing formulas, of course). Additionally, each of

the first 3 strategies has been tested with standard GP settings as well as offspring
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selection; Table 17.21 summarizes the 7 test strategies that have been applied and

whose results shall be discussed here.

Table 17.21: GP test strategies.
Strategy Properties

(A) Parallel standard GP Tournament parents selection
(tournament size k = 3);

Number of generations: 2000
(B) Parallel GP with OS Random & roulette parents selection

Strict Offspring selection (success ratio: 1.0,
(comparison factor: 1.0, maximum selection pressure: 200)

(C) Parallel standard GP, Tournament parents selection
1% migration (tournament size k = 3);

Number of generations: 2000
1% best / worst replacement after every 100th generation

(D) Parallel GP with OS, Random & roulette parents selection
1% migration Strict Offspring selection (success ratio: 1.0,

(comparison factor: 1.0, maximum selection pressure: 200)
1% best / worst replacement after every 5th generation

(E) Parallel standard GP, Tournament parents selection
5% migration (tournament size k = 3);

Number of generations: 2000
5% best / worst replacement after every 50th generation

(F) Parallel GP with OS, Random & roulette parents selection
5% migration Strict Offspring selection (success ratio: 1.0,

(comparison factor: 1.0, maximum selection pressure: 200)
5% best / worst replacement after every 5th generation

(G) SASEGASA Random & roulette parents selection
Strict Offspring selection (success ratio: 1.0,

(comparison factor: 1.0, maximum selection pressure: 200)

17.4.2 Test Results

All test strategies summarized in Table 17.21 have been executed 5 times using the

NOx as well as the Thyroid data set. Multi population diversity was measured

using the equations given in Section 12.4.2: For each solution we calculate the av-

erage as well as the maximum similarities with solutions of all other populations

of the respective algorithms (in the following, these values are denoted as MPdiv

values). Additionally, we have also collected all solutions of the algorithms’ pop-

ulations into temporary total populations and calculate the average as well as the

maximum similarities of all solutions compared to all other ones (hereafter denoted
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as SPdiv values).

Again, the multiplicative structural similarity approach (as defined in Equa-

tions 11.21 – 11.23) has been used for estimating the similarity of model structures;

all coefficients c1 . . . c10 were set to 0.2, only the coefficient c1 weighting the level

difference contribution d1 was set to 0.8. The similarity of models was calculated

symmetrically (as described in Equation 12.48).

In the following we summarize these values for all test runs by stating the average

values as well as standard deviations: Table 17.22 summarizes the results of the test

runs using the Thyroid data set, 17.23 those of the test runs using the NOx data

set.

Figure 17.22 exemplarily illustrates the multi population diversity in a test run

of series F at iteration 50: The value represented in row i of column j in bar k

gives the average similarity of model i of population k with all formulas stored in

population j. Low multi population similarity values are indicated by light cells,

dark cells represent high similarity values.

 

Figure 17.22: Exemplary multi-population diversity of a test run of Thyroid series

F at iteration 50.
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Table 17.22: Multi population diversity test results of the GP test runs using the

Thyroid data set.
Results for the Thyroid data set

Test Series Iteration MPdiv (avg) MPdiv (max) SPdiv (avg) SPdiv (max)

A 300 avg 0.2433 0.3301 0.2048 0.8973
std 0.0514 0.0496 0.0612 0.0291

2000 avg 0.3592 0.3925 0.3628 0.9027
std 0.0613 0.0610 0.0593 0.0351

B 20 avg 0.1698 0.2356 0.2130 0.9182
std 0.0497 0.0317 0.0317 0.0852

End of avg 0.3915 0.4037 0.3592 0.9850
Run std 0.0599 0.0769 0.0820 0.0202

C 300 avg 0.1778 0.2788 0.1836 0.6543
std 0.0587 0.0549 0.0296 0.0971

2000 avg 0.4145 0.4885 0.3834 0.9236
std 0.0551 0.0762 0.0665 0.0417

D 20 avg 0.3276 0.4269 0.3394 0.9312
std 0.0486 0.1094 0.0175 0.0459

End of avg 0.4412 0.5822 0.3866 0.9736
Run std 0.0734 0.0635 0.0772 0.0283

E 300 avg 0.3395 0.6271 0.2715 0.6116
std 0.0441 0.0975 0.0139 0.0811

2000 avg 0.5329 0.8710 0.3991 0.9129
std 0.0833 0.0509 0.0921 0.0821

F 20 avg 0.3721 0.5024 0.2711 0.5192
std 0.0629 0.0822 0.0981 0.0601

End of avg 0.5915 0.8802 0.4576 0.9828
Run std 0.1034 0.0996 0.0514 0.0437

G 20 avg 0.4839 0.5473 0.3173 0.5237
std 0.0823 0.0419 0.0581 0.0623

50 avg 0.4325 0.5512 0.3228 0.5828
std 0.0518 0.0920 0.0672 0.0660

100 avg 0.5102 0.7168 0.3783 0.7296
std 0.0730 0.0724 0.0861 0.0740

200 avg 0.8762 0.9314 0.4206 0.9512
std 0.0505 0.0458 0.0792 0.0249

End of avg – – 0.9792 0.9934
Run std – – 0.0256 0.0162



17.4. MULTI POPULATION DIVERSITY ANALYSIS 283

Table 17.23: Multi population diversity test results of the GP test runs using the

NOx data set.
Results for the NOx data set

Test Series Iteration MPdiv (avg) MPdiv (max) SPdiv (avg) SPdiv (max)

A 300 avg 0.3187 0.3991 0.2773 0.8613
std 0.0124 0.0685 0.0726 0.0799

2000 avg 0.3689 0.4627 0.3300 0.9887
std 0.0288 0.0390 0.0390 0.0434

B 20 avg 0.1997 0.1498 0.2902 0.8992
std 0.0698 0.0912 0.0604 0.0634

End of avg 0.3723 0.4811 0.3440 0.9743
Run std 0.0233 0.0244 0.0254 0.0482

C 300 avg 0.2515 0.3323 0.1935 0.8293
std 0.0968 0.0685 0.0607 0.1062

2000 avg 0.3329 0.4741 0.2821 0.9311
std 0.0365 0.0323 0.0402 0.0441

D 20 avg 0.2985 0.3922 0.3791 0.8862
std 0.0870 0.0825 0.0487 0.0829

End of avg 0.5544 0.6839 0.4208 0.9661
Run std 0.0542 0.1039 0.0280 0.0332

E 300 avg 0.5002 0.6697 0.3111 0.6037
std 0.0588 0.0696 0.0474 0.0453

2000 avg 0.6002 0.8523 0.4745 0.9763
std 0.0538 0.0263 0.0728 0.0910

F 20 avg 0.3597 0.5248 0.3901 0.5839
std 0.0743 0.0769 0.0662 0.0775

End of avg 0.5607 0.9080 0.4877 0.9906
Run std 0.0931 0.0799 0.0249 0.0181

G 20 avg 0.4471 0.5303 0.2694 0.4670
std 0.0619 0.0897 0.0802 0.0522

50 avg 0.4923 0.6102 0.3025 0.6120
std 0.0854 0.0749 0.0550 0.0902

100 avg 0.5889 0.6939 0.3923 0.7972
std 0.1184 0.0835 0.0812 0.0805

200 avg 0.9047 0.9148 0.5741 0.9128
std 0.0387 0.0258 0.1253 0.0401

End of avg – – 0.9683 0.9932
Run std – – 0.0412 0.0319
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17.4.3 Discussion

As we see in Tables 17.22 and 17.23, the average diversity among populations in

parallel island GP without interaction (i.e., in test series (A) and (B)) rises up to

values between 0.35 and 0.4, no matter whether or not OS is applied; the maxi-

mum values eventually reach values between 0.45 and 0.5. Considering all solutions

collected in temporary total populations, as expected the average similarities reach

values below 0.4, the maximum similarities almost reach 1.0.

The similarity values monitored in test series (C) and (D) are, in comparison to

those of series (A) and (B), slightly higher, but not dramatically. This does not hold

for the next pair of test series (with 5% migration): The similarity values calculated

for test series (E) and (F ) are significantly higher than those of test series (A) –

(D); in other words, the exchange of only 5% of the populations’ models can lead to

a significant decrease of population diversity among populations of multi population

GP.

When using the SASEGASA, the diversity among populations is high in the

beginning and then steadily decreases as the algorithm is executed. This is of course

due to the reunification of populations as soon as the maximum selection pressure

is reached.

By executing these test series and analyzing the results as given in this section we

have demonstrated how multi population diversity can be monitored using similarity

measures as those described in Chapter 11. Reference values are given by parallel

GP without migration; of course, the higher the migration rates become, the more

migration affects the diversity among GP populations. When using the SASEGASA,

rather high multi population specific diversity is given in the early stages of the

parallel GP process, and due to the merging of population the diversity decreases

and in the end reaches diversity values comparable to those of single population GP

with offspring selection.
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17.5 Comparison of Population Diversity Mea-

sures

Obviously, structural similarity estimation of formula trees is not equivalent to eval-

uation based similarity estimation; still, somehow we expect a significant correla-

tion between the results calculated using these two approaches. In order to get an

overview regarding this issue, we have analyzed a series of GP tests including both

similarity estimation strategies.

17.5.1 Test Setup

In detail, we have here chosen the GP test strategies which are summarized in

Table 17.24:

Table 17.24: GP test strategies for similarity estimators comparison.

GP Strategy Parameters
Standard GP (SGP) Population size: 1000, mutation rate: 15%

Parents selection: Tournament selection (k = 3)
Number of generations: 2000

Extended GP (EGP) Population size: 1000, mutation rate: 15%
Parents selection: Gender specific selection

(random & roulette)
Offspring selection (success ratio: 1, comparison factor: 1,

maximum selection pressure: 100)

The following similarity estimation functions are used:

• Evaluation based similarity estimation: As described in Section 11.1, all sub-

trees are evaluated on training or validation data, and we can analyze the

similarity of the values calculated by evaluating the subtrees of the formula

trees which are to be compared. We here use validation data for this similarity

estimation and the squared differences based approach (using the sse function,

see Section 11.1 for details).

• Additive structural similarity estimation: Structural components of structure

trees are analyzed as described in Section 11.2 using the additive approach;

we here weight all possible contributing aspects equally, i.e. the contributions’
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weighting factors c1...10 are all set to 1.0, only the level difference is weighted

stronger with factor 4.0.

• Multiplicative structural similarity estimation: Again, structural components

of structure trees are analyzed as described in Section 11.2 using the multi-

plicative approach; again, we set all weighting factors equally, namely to 0.2,

only the level difference is weighted stronger with factor 0.8.

Again we have used the NOx data set III (as characterized in Section 14.2.2)

and the Thyroid data set; in both cases we have selected the first 80% of the given

data samples as training data and 400 samples as validation data (which are then

used in evaluation based similarity estimation). Thus, the four test cases which are

summarized in Table 17.25 are formed.

Table 17.25: GP test strategies for similarity estimators comparison.

Test Case GP Strategy Data Set

I EGP NOx

II EGP Thyroid

III SGP NOx

IV SGP Thyroid

All test cases were executed three times independently; the maximum tree height

was set to 6, the maximum tree size to 50 (for NOx as well as Thyroid tests). The

similarity values among individuals were calculated in the context of population

diversity estimation analysis executed after every 100th generation in SGP runs and

after each 5th generation in extended GP (EGP) runs.

17.5.2 Test Results

What we are most interested in here is not how the GP strategies affect the pop-

ulation diversity during the GP executions, but we rather want to document the

relationship between the similarity values calculated using the two approaches cho-

sen. So we have collected the results of all similarity calculations; as this is done for

1,000 models we get 1,000,000 for each similarity function each time the population

is analyzed. For each SGP test we therefore eventually get 21 million similarity

values for each function (because we also analyze after initializing the population),
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and for each EGP test we get a comparable amount of similarity values4.

As we do here not care about differences between EGP and SGP we have collected

all similarity calculation results for the NOx and the Thyroid runs separately; the

NOx series are hereafter referred to as series (n), the Thyroid runs as (t).

The similarity values calculated for the (n) series using evaluation based, additive

structural and multiplicative structural comparison are hereafter denoted as ne, ns1

and ns2, respectively; in analogy to this, the similarity values for the (t) series

are denoted as te, ts1 and ts2, respectively. Please note that for each index i the

values ne(i), ns1(i) and ns2(i) belong to the same pair of models (structure trees)

that have been compared; in analogy to this, for each index i also the corresponding

comparison results te(i), ts1(i) and ts2(i) are associated to the same pair of formulas.

All test runs were executed on Pentium c© 4 computers with 3.00 GHz CPU speed

and 2 GB RAM.

First, several statistics are calculated for the similarity values collected in ne, ns1,

ns2, te, ts1 and ts2; Nn stands for the number of values in ne, ns1 and ns2, Nt for

the number of values in te, ts1 and ts2. The results are summarized in Table 17.26;

std here stands for standard deviation (std(x) =
√

1
N

∑
i∈[1;N ](xi − x̄)2, x̄ =

1
N

∑
i∈[1;N ] x,N = |x|), and corr again for the linear correlation (please see for ex-

ample Section 11.1 for details about this function).

Obviously, the structural similarity values tend to be a lot higher than the eval-

uation based ones - which is not really surprising as even small changes in the

formula’s structure can affect its evaluation significantly. The mean squared differ-

ence between structural and evaluation based similarity values ranges from ∼0.08

to ∼0.12; the respective standard deviations of the similarity differences range from

0.15 to ∼0.216. The much more informative statistic feature is the linear correlation

coefficient: Analyzing NOx tests we see that the correlation between structural and

evaluation based similarities is between ∼0.82 (for the additive structural calcula-

tion) and ∼0.8455 (for multiplicative structural approach); for the Thyroid tests,

these are not quite as high, namely ∼0.76 and ∼0.8, respectively.

As we had expected, the correlation between the results calculated using the

additive structural model comparison method and the multiplicative one is very

high, namely approximately 0.995 for NOx as well as Thyroid tests.

The runtime consumption of the evaluation based similarity estimation method

4This number is not constant for EGP due to the fact that the selection pressure reaches its
limit not at the same time in each test case execution.



288 CHAPTER 17. POPULATION DYNAMICS

Table 17.26: Comparing similarity estimation results: Basic statistics.

mean(ne) = 1
Nn

∑
i∈[1;Nn](ne(i)) 0.3444

mean(ns1) = 1
Nn

∑
i∈[1;Nn](ns1(i)) 0.6467

mean(ns2) = 1
Nn

∑
i∈[1;Nn](ns2(i)) 0.6061

mean(te) = 1
Nn

∑
i∈[1;Nt]

(te(i)) 0.4224

mean(ts1) = 1
Nn

∑
i∈[1;Nt]

(ts1(i)) 0.6595
mean(ts2) = 1

Nn

∑
i∈[1;Nt]

(ts2(i)) 0.6327
mse(ne,ns1) = 1

Nn

∑
i∈[1;Nn] (ne(i) − ns1(i))2 0.1178

mse(ne,ns2) = 1
Nn

∑
i∈[1;Nn] (ne(i) − ns2(i))2 0.0910

mse(ns1,ns2) = 1
Nn

∑
i∈[1;Nn] (ns1(i) − ns2(i))2 0.0024

mse(te, ts1) = 1
Nn

∑
i∈[1;Nt]

(te(i) − ts1(i))2 0.1028
mse(te, ts2) = 1

Nn

∑
i∈[1;Nn] (te(i) − ts2(i))2 0.0839

mse(ts1, ts2) = 1
Nn

∑
i∈[1;Nn] (ts1(i) − ts2(i))2 0.0016

std(ne − ns1) 0.1625
std(ne − ns2) 0.1500
std(ns1 − ns2) 0.0268
std(te − ts1) 0.2159
std(te − ts2) 0.1992
std(ts1 − ts2) 0.0305

corr(ne,ns1) 0.8179
corr(ne,ns2) 0.8455
corr(ns1,ns2) 0.9954
corr(te, ts1) 0.7634
corr(te, ts2) 0.7998
corr(ts1, ts2) 0.9947

Runtime consumption per generation (evaluation based similarity) 2h08’30”
Runtime consumption per generation (structural similarity, per method) 38’02”

is, of course, a lot higher than the runtime consumption caused by structural pop-

ulation diversity analysis: Although only 400 validation samples are evaluated for

evaluation based similarity estimation, structural similarity calculation consumes

only approximately a fourth as much runtime.

Even more detailed results discussion becomes possible by partitioning all pairs

of corresponding similarity values into five groups with equal range. This means that

we collect all structural similarity results in the intervals [0.0 . . . 0.2], [0.2 . . . 0.4],

. . . , [0.8 . . . 1.0]; of course, we also collect all evaluation based similarity values in

the same intervals. Thus, what we get is a number of partitions of data sets which
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are defined and summarized in Table 17.27.

Table 17.27: Partitions formed for detailed comparison of similarity estimation re-

sults.
Partition Index Index and Data Set Definitions

a0 Ia0 = {i : (0.0 ≤ ne(i) ≤ 0.2)}; na0
e = ne(Ia0), na0

s1 = ns1(Ia0), na0
s2 = ns2(Ia0)

a1 Ia1 = {i : (0.2 < ne(i) ≤ 0.4)}; na1
e = ne(Ia1), na1

s1 = ns1(Ia1), na1
s2 = ns2(Ia1)

a2 Ia1 = {i : (0.4 < ne(i) ≤ 0.6)}; na2
e = ne(Ia2), na2

s1 = ns1(Ia2), na2
s2 = ns2(Ia2)

a3 Ia1 = {i : (0.6 < ne(i) ≤ 0.8)}; na3
e = ne(Ia3), na3

s1 = ns1(Ia3), na3
s2 = ns2(Ia3)

a4 Ia1 = {i : (0.8 < ne(i) ≤ 1.0)}; na4
e = ne(Ia4), na4

s1 = ns1(Ia4), na4
s2 = ns2(Ia4)

b0 Ib0 = {i : (0.0 ≤ ns1(i) ≤ 0.2)}; nb0
e = ne(Ib0), nb0

s1 = ns1(Ib0), nb0
s2 = ns2(Ib0)

b1 Ib1 = {i : (0.2 < ns1(i) ≤ 0.4)}; nb1
e = ne(Ib1), nb1

s1 = ns1(Ib1), nb1
s2 = ns2(Ib1)

b2 Ib2 = {i : (0.4 < ns1(i) ≤ 0.6)}; nb2
e = ne(Ib2), nb2

s1 = ns1(Ib2), nb2
s2 = ns2(Ib2)

b3 Ib3 = {i : (0.6 < ns1(i) ≤ 0.8)}; nb3
e = ne(Ib3), nb3

s1 = ns1(Ib3), nb3
s2 = ns2(Ib3)

b4 Ib4 = {i : (0.8 < ns1(i) ≤ 1.0)}; nb4
e = ne(Ib4), nb4

s1 = ns1(Ib4), nb4
s2 = ns2(Ib4)

c0 Ic0 = {i : (0.0 ≤ ns2(i) ≤ 0.2)}; nc0
e = ne(Ic0), nc0

s1 = ns1(Ic0), nc0
s2 = ns2(Ic0)

c1 Ic1 = {i : (0.2 < ns2(i) ≤ 0.4)}; nc1
e = ne(Ic1), nc1

s1 = ns1(Ic1), nc1
s2 = ns2(Ic1)

c2 Ic2 = {i : (0.4 < ns2(i) ≤ 0.6)}; nc2
e = ne(Ic2), nc2

s1 = ns1(Ic2), nc2
s2 = ns2(Ic2)

c3 Ic3 = {i : (0.6 < ns2(i) ≤ 0.8)}; nc3
e = ne(Ic3), nc3

s1 = ns1(Ic3), nc3
s2 = ns2(Ic3)

c4 Ic4 = {i : (0.8 < ns2(i) ≤ 1.0)}; nc4
e = ne(Ic4), nc4

s1 = ns1(Ic4), nc4
s2 = ns2(Ic4)

d0 Id0 = {i : (0.0 ≤ te(i) ≤ 0.2)}; td0
e = te(Id0), td0

s1 = ts1(Id0), td0
s2 = ts2(Id0)

d1 Id1 = {i : (0.2 < te(i) ≤ 0.4)}; td1
e = te(Id1), td1

s1 = ts1(Id1), td1
s2 = ts2(Id1)

d2 Id1 = {i : (0.4 < te(i) ≤ 0.6)}; td2
e = te(Id2), td2

s1 = ts1(Id2), td2
s2 = ts2(Id2)

d3 Id1 = {i : (0.6 < te(i) ≤ 0.8)}; td3
e = te(Id3), td3

s1 = ts1(Id3), td3
s2 = ts2(Id3)

d4 Id1 = {i : (0.8 < te(i) ≤ 1.0)}; td4
e = te(Id4), td4

s1 = ts1(Id4), td4
s2 = ts2(Id4)

e0 Ie0 = {i : (0.0 ≤ ts1(i) ≤ 0.2)}; te0e = te(Ie0), te0s1 = ts1(Ie0), te0s2 = ts2(Ie0)

e1 Ie1 = {i : (0.2 < ts1(i) ≤ 0.4)}; te1e = te(Ie1), te1s1 = ts1(Ie1), te1s2 = ts2(Ie1)

e2 Ie2 = {i : (0.4 < ts1(i) ≤ 0.6)}; te2e = te(Ie2), te2s1 = ts1(Ie2), te2s2 = ts2(Ie2)

e3 Ie3 = {i : (0.6 < ts1(i) ≤ 0.8)}; te3e = te(Ie3), te3s1 = ts1(Ie3), te3s2 = ts2(Ie3)

e4 Ie4 = {i : (0.8 < ts1(i) ≤ 1.0)}; te4e = te(Ie4), te4s1 = ts1(Ie4), te4s2 = ts2(Ie4)

f0 If0 = {i : (0.0 ≤ ts2(i) ≤ 0.2)}; tf0e = te(If0), tf0s1 = ts1(If0), tf0s2 = ts2(If0)

f1 If1 = {i : (0.2 < ts2(i) ≤ 0.4)}; tf1e = te(If1), tf1s1 = ts1(If1), tf1s2 = ts2(If1)

f2 If2 = {i : (0.4 < ts2(i) ≤ 0.6)}; tf2e = te(If2), tf2s1 = ts1(If2), tf2s2 = ts2(If2)

f3 If3 = {i : (0.6 < ts2(i) ≤ 0.8)}; tf3e = te(If3), tf3s1 = ts1(If3), tf3s2 = ts2(If3)

f4 If4 = {i : (0.8 < ts2(i) ≤ 1.0)}; tf4e = te(If4), tf4s1 = ts1(If4), tf4s2 = ts2(If4)

Now we can analyze these partitions separately: For each partition we have

calculated the linear correlation between evaluation based, additive structural and

multiplicative structural similarities as well as the mean squared difference between

these respective values; Table 17.28 summarizes these partition-wise statistics. Ad-

ditionally, the frequency of each partition is also given: The frequency of a partition

is hereby given by the number of pairs of values included divided by the number

of all pairs of values available: frequ(Iki) = |Iki|∑
j∈[0;4] Ikj

for k ∈ {a, b, c, d, e, f} and

i ∈ [0; 4].

Figure 17.23 shows the distributions of structural and evaluation based similarity

estimation for the NOx and Thyroid tests separately. As we see in both charts the

structural similarity values are significantly higher than the evaluation based ones.
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Table 17.28: Comparing similarity estimation results: Detailed partition-wise statis-

tics.
freq(Ia0) = 0.3172 corr(na0

e , na0
s1 ) = 0.6294 corr(na0

e , na0
s2 ) = 0.6772

mse(na0
e , na0

s1 ) = 0.1061 mse(na0
e , na0

s2 ) = 0.0751

freq(Ia1) = 0.2609 corr(na1
e , na1

s1 ) = 0.8407 corr(na1
e , na1

s2 ) = 0.8574

mse(na1
e , na1

s1 ) = 0.1083 mse(na1
e , na1

s2 ) = 0.0818

freq(Ia2) = 0.2595 corr(na2
e , na2

s1 ) = 0.7886 corr(na2
e , na2

s2 ) = 0.8047

mse(na2
e , na2

s1 ) = 0.1364 mse(na2
e , na2

s2 ) = 0.1106

freq(Ia3) = 0.1272 corr(na3
e , na3

s1 ) = 0.6963 corr(na3
e , na3

s2 ) = 0.7376

mse(na3
e , na3

s1 ) = 0.1279 mse(na3
e , na3

s2 ) = 0.1077

freq(Ia4) = 0.0352 corr(na4
e , na4

s1 ) = 0.7174 corr(na4
e , na4

s2 ) = 0.7559

mse(na4
e , na4

s1 ) = 0.1184 mse(na4
e , na4

s2 ) = 0.0983

freq(Ib0) = 0.0974 corr(nb0
s1 , nb0

e ) = 0.3815 corr(nb0
s1 , nb0

s2 ) = 0.9890

mse(nb0
s1 , nb0

e ) = 0.1407 mse(nb0
s1 , nb0

s2 ) = 0.0057

freq(Ib1) = 0.1222 corr(nb1
s1 , nb1

e ) = 0.6744 corr(nb1
s1 , nb1

s2 ) = 0.9931

mse(nb1
s1 , nb1

e ) = 0.0884 mse(nb1
s1 , nb0

s2 ) = 0.0028

freq(Ib2) = 0.1363 corr(nb2
s1 , nb2

e ) = 0.7591 corr(nb2
s1 , nb2

s2 ) = 0.9962

mse(nb2
s1 , nb2

e ) = 0.0985 mse(nb2
s1 , nb0

s2 ) = 0.0026

freq(Ib3) = 0.2451 corr(nb3
s1 , nb3

e ) = 0.8350 corr(nb3
s1 , nb3

s2 ) = 0.9963

mse(nb3
s1 , nb3

e ) = 0.1080 mse(nb3
s1 , nb0

s2 ) = 0.0024

freq(Ib4) = 0.3990 corr(nb4
s1 , nb4

e ) = 0.7677 corr(nb4
s1 , nb4

s2 ) = 0.9975

mse(nb4
s1 , nb4

e ) = 0.1337 mse(nb4
s1 , nb0

s2 ) = 0.0013

freq(Ic0) = 0.1160 corr(nc0
s2, nc0

e ) = 0.4119 corr(nc0
s2, nc0

s1 ) = 0.9888

mse(nc0
s2 , nc0

e ) = 0.0997 mse(nc0
s2 , nc0

s1 ) = 0.0059

freq(Ic1) = 0.1335 corr(nc1
s2, nc1

e ) = 0.7667 corr(nc1
s2, nc1

s1 ) = 0.9961

mse(nc1
s2 , nc1

e ) = 0.0580 mse(nc1
s2 , nc0

s1 ) = 0.0023

freq(Ic2) = 0.1584 corr(nc2
s2, nc2

e ) = 0.8229 corr(nc2
s2, nc2

s1 ) = 0.9963

mse(nc2
s2 , nc2

e ) = 0.0730 mse(nc2
s2 , nc0

s1 ) = 0.0027

freq(Ic3) = 0.2728 corr(nc3
s2, nc3

e ) = 0.8764 corr(nc3
s2, nc3

s1 ) = 0.9967

mse(nc3
s2 , nc3

e ) = 0.0794 mse(nc3
s2 , nc0

s1 ) = 0.0021

freq(Ic4) = 0.3193 corr(nc4
s2, nc4

e ) = 0.7528 corr(nc4
s2, nc4

s1 ) = 0.9969

mse(nc4
s2 , nc4

e ) = 0.1205 mse(nc4
s2 , nc0

s1 ) = 0.0011

freq(Id0) = 0.3241 corr(td0
e , td0

s1 ) = 0.4233 corr(td0
e , td0

s2 ) = 0.4777

mse(td0
e , td0

s1 ) = 0.1964 mse(td0
e , td0

s2 ) = 0.1572

freq(Id1) = 0.1239 corr(td1
e , td1

s1 ) = 0.8323 corr(td1
e , td1

s2 ) = 0.8409

mse(td1
e , td1

s1 ) = 0.0336 mse(td1
e , td1

s2 ) = 0.0295

freq(Id2) = 0.2216 corr(td2
e , td2

s1 ) = 0.8455 corr(td2
e , td2

s2 ) = 0.8606

mse(td2
e , td2

s1 ) = 0.0703 mse(td2
e , td2

s2 ) = 0.0587

freq(Id3) = 0.1919 corr(td3
e , td3

s1 ) = 0.8471 corr(td3
e , td3

s2 ) = 0.8607

mse(td3
e , td3

s1 ) = 0.0688 mse(td3
e , td3

s2 ) = 0.0566

freq(Id4) = 0.1385 corr(td4
e , td4

s1 ) = 0.7956 corr(td4
e , td4

s2 ) = 0.8109

mse(td4
e , td4

s1 ) = 0.0433 mse(td4
e , td4

s2 ) = 0.0375

freq(Ie0) = 0.1079 corr(te0s1, te0e ) = 0.2693 corr(te0s1, te0s2 ) = 0.9853

mse(te0s1 , te0e ) = 0.1435 mse(te0s1 , te0s2 ) = 0.0077

freq(Ie1) = 0.1043 corr(te1s1, te1e ) = 0.3053 corr(te1s1, te1s2 ) = 0.9854

mse(te1s1 , te1e ) = 0.2216 mse(te1s1 , te0s2 ) = 0.0024

freq(Ie2) = 0.1193 corr(te2s1, te2e ) = 0.4652 corr(te2s1, te2s2 ) = 0.9954

mse(te2s1 , te2e ) = 0.2120 mse(te2s1 , te0s2 ) = 0.0015

freq(Ie3) = 0.2412 corr(te3s1, te3e ) = 0.8559 corr(te3s1, te3s2 ) = 0.9986

mse(te3s1 , te3e ) = 0.0479 mse(te3s1 , te0s2 ) = 0.0006

freq(Ie4) = 0.4274 corr(te4s1, te4e ) = 0.8376 corr(te4s1, te4s2 ) = 0.9985

mse(te4s1 , te4e ) = 0.0641 mse(te4s1 , te0s2 ) = 0.0006

freq(Ie0) = 0.1305 corr(te0s2, te0e ) = 0.3430 corr(te0s2, te0s1 ) = 0.9860

mse(te0s2 , te0e ) = 0.0837 mse(te0s2 , te0s1 ) = 0.0069

freq(Ie1) = 0.0978 corr(te1s2, te1e ) = 0.3380 corr(te1s2, te1s1 ) = 0.9964

mse(te1s2 , te1e ) = 0.2230 mse(te1s2 , te0s1 ) = 0.0021

freq(Ie2) = 0.1456 corr(te2s2, te2e ) = 0.6722 corr(te2s2, te2s1 ) = 0.9960

mse(te2s2 , te2e ) = 0.1307 mse(te2s2 , te0s1 ) = 0.0012

freq(Ie3) = 0.2435 corr(te3s2, te3e ) = 0.8513 corr(te3s2, te3s1 ) = 0.9986

mse(te3s2 , te3e ) = 0.0505 mse(te3s2 , te0s1 ) = 0.0007

freq(Ie4) = 0.3826 corr(te4s2, te4e ) = 0.8501 corr(te4s2, te4s1 ) = 0.9985

mse(te4s2 , te4e ) = 0.0518 mse(te4s2 , te0s1 ) = 0.0005

Regarding results correlations, the figures documented in Table 17.28 can be

summarized in the following way: The correlations between structural and evalua-
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Figure 17.23: Distribution of similarity values calculated using structural and eval-

uation based similarity functions.

tion based similarity is approximately in the range between 0.3 and 0.85. Especially

low correlation coefficients are calculated for the comparison of structural and eval-

uation based similarities, especially when the structural similarity is considered very

low (<0.4). This impression becomes even more clear when we analyze Figures 17.24

and 17.25 which give the partition wise correlations of similarity values. In each of

the 6 series given in these Figures we show the correlations of similarity values cal-

culated by each possible pair of methods; in each case those partitions of value pairs

are selected that correspond to the values calculated by the first method mentioned

in the respective label. So, for example, in the first series we see the partition-wise

correlations of similarity values calculated by the evaluation based and the additive

structural method; the values are classified in partitions with respect to the evalua-

tion specific similarities.

The Figures 17.24 and 17.25 show clearly that the structural similarity estimation

methods calculate very similar values (with high correlations for trees that are very

different as well as for those which are considered rather similar). Furthermore, the
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correlation of structural and evaluation based similarity values is rather low in the

case of low structural similarities (<0.4).

Finally, for graphically illustrating the direct comparison of similarity values

calculated by the three estimation methods chosen we have randomly chosen 100,000

structure tree comparison cases both from the NOx and the Thyroid tests. The

respectively correspondent similarity values are drawn against each other in the

Figures 17.26 – 17.28. On the one hand there is no high correlation which can be

seen when comparing structural and evaluation based similarity values, but on the

other hand the high correlation between the similarities calculated by the structural

similarity estimation methods becomes obvious.

Partition-wise correlations of similarity values: Results for Thyroid  test series
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Figure 17.24: Partition-wise correlations of similarity values for NOx test series.

Partition-wise correlations of similarity values: Results for Thyroid  test series
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Figure 17.25: Partition-wise correlations of similarity values for Thyroid test series.
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(b) Thyroid test series

Figure 17.26: Similarity values comparison: Evaluation based vs. structural (addi-

tive calculation).
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Figure 17.27: Similarity values comparison: Evaluation based vs. structural (mul-

tiplicative calculation).
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Figure 17.28: Similarity values comparison: Structural (additive calculation) vs.

structural (multiplicative calculation).
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17.5.3 Conclusion

In this section we have summarized a series of GP test runs incorporating evaluation

based as well as structural similarity estimation functions for measuring the genetic

diversity in GP populations.

In general, evaluation based similarity calculation consumes a lot more runtime

than structural comparison, and on average it also tends to produce lower similarity

values. The results show that in most cases there is a linear correlation of approx-

imately 0.4 – 0.9 for the results returned by the evaluation based and structural

methods; not very surprisingly, this correlation is positive, but not very high. Espe-

cially in some cases showing very low structural similarity there can be significantly

different results when using the evaluation based similarity methods.

Furthermore, we have also compared additive and multiplicative structural sim-

ilarity estimation. These two variants tend to produce rather similar results with

high correlations for pairs of structure trees with low as well as rather high simi-

larities; the results retrieved by the multiplicative structural method show a higher

correlation with those calculated using the evaluation based similarity function.
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17.6 Code Bloat, Pruning, and Population Diver-

sity

17.6.1 Introduction

In Chapter 3.6 we have described one of the major problems of genetic programming,

namely permanent code growth, often also referred to as bloat; evolution is also seen

as “survival of the fattest”, and, as Langdon and Poli expressed it, fitness based

selection leads to the fact that “fitness causes bloat” [LP97]. Several approaches for

combating this unwanted unlimited growth of chromosome size, some of them being

• limiting the size and / or the height of the program trees,

• pruning programs, and

• punishing complex programs by decreasing their quality depending on their

respective tree representations’ size and / or height.

Of course, there is no optimal strategy for fixing formula size parameters, popu-

lation size or pruning strategies a priori (see also remarks in Chapter 3). Still, some

code prevention strategies are surely more recommendable than others; we here re-

port on an exemplary test series for characterizing some of the possible approaches.

In all other test series executed and reported on in other sections in this thesis

we have used fixed complexity limits (limiting size and height of program trees);

we shall here report on our tests regarding code growth in GP based structure

identification applying the pruning strategies presented in Section 10.2 as well as

structure tree size dependent fitness manipulation and fixed size limits (partially

with additional pruning). All these approaches have been tested using standard GP

as well as extended GP including gender specific selection and offspring selection.

As an example, we have tested these GP variants on the NOx data set II presented

and described in Section 14.2; population diversity, formula complexity parameters

as well as additional pruning effort (only in case of applying pruning, of course) have

been monitored and shall be reported on here.

We have again used 50% of the given data for training models (namely samples

10,000 – 28,000), and 10% as validation data (samples 28,001 – 32,000 used by

pruning strategies) and ∼7.5% as test data (samples 32,001 – 35,000). As we are

also aware of the problem of overfitting, we have systematically collected each GP

run’s best models with respect to best fit on training as well as on validation data
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(using the mse function for estimating the formulas’ qualities); the algorithm is

designed to optimize formulas with respect to training data, validation data are only

used for pruning strategies (if used at all). At the end of each test run, the models

with best fit on training as well as on validation data are analyzed, and in order to

fight overfitting we select the best model on validation data as the result returned

by the algorithm. Test data, which are not available to the algorithm, are used

for demonstrating that this strategy is a reasonable one: Analyzing the evaluation

of the best models on test data we see that those that are best on validation data

perform better on test data than those that were optimally fit to training data.

During the GP process, the standard mean squared error function (with early

abortion as described in 8.1.3) was used; the time series specific fitness function con-

sidering plain values as well as differential and integral values was used for selecting

those models that perform best on training and validation data. All three compo-

nents (i.e., plain values, differentials and integral values) have been weighted using

equal weighting factors. When comparing the quality of the results documented in

the following sections we again state the fitness values calculated using the mean

squared errors function; the maximum punishment factor was set to 10.0.

17.6.2 Test Strategies

In detail, the following test strategies have been applied: On the one hand the

parameters for standard and extended GP are summarized in Table 17.29, the code

growth prevention parameters are summarized in Table 17.30. In all tests the initial

population was created using a size limit of 50 nodes and a maximum height of 6

levels for each structure tree.

Table 17.29: GP parameters used for code growth and bloat prevention tests.

Variant Parameters
1 Population size: 1000
(Standard GP, 2000 generations
SGP) Single point crossover; structural and parametric node mutation

Parents selection: Tournament selection (k = 3)
2 Population size: 1000
(Extended GP, Single point crossover; structural and parametric node mutation
EGP) Parents selection: Gender specific selection (random & proportional)

Strict offspring selection; maximum selection pressure: 100
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In the following table and in the explanations given afterwards, md is the maxi-

mum deterioration limit and mc the maximum coefficient of deterioration and struc-

ture complexity reduction as described in Section 10.2. For ES-based pruning, mr

denotes the maximum number of rounds, and mur the maximum number of unsuc-

cessful rounds.

In those tests including increased pruning (as applied in test series (h) and (i))

the initial pruning ratio is set to 0.3, i.e. in the beginning 30% of the population are

pruned. Then, during the process execution, the pruning rate steadily increases and

finally reaches 0.8; in standard GP runs, the rate is increased linearly, in extended

GP including offspring selection we compute the actual pruning ratio in relation to

the actual selection pressure (so that in the end, when the selection pressure has

reached its maximum value, the pruning rate has also reached its maximum, namely

0.8). Furthermore, fs stands for the formula’s size (i.e., the number of nodes in the

corresponding structure tree), and pf is the fitness punishment factor: If structure

complexity based punishment is applied, then the fitness f of a model is modified

as f ′ = f ∗ (1 + pf) (if pf > 0).

Table 17.30: Summary of the code growth prevention strategies applied in these test

series.
Variant Characteristics

a No code growth prevention strategy
b 20% systematic pruning: md = 0, mc = 1
c 20% ES-based pruning: md = 0, mc = 1, λ = 5, mr = 5, mur = 1

d 50% ES-based pruning: md = 0.5, mc = 1, λ = 10, mr = 10, mur = 2
e 100% ES-based pruning: md = 2, mc = 1.5, λ = 20, mr = 10, mur = 2

f Increasing ES-based pruning: md = 1, mc = 1.5, λ = 10, mr = 10, mur = 2
g Quality punishment: pf = (fs − 50)/50

h Fixed limits: Maximum tree height 6, maximum tree size 50
i Fixed limits: Maximum tree height 6, maximum tree size 50

combined with occasional ES-based pruning
standard GP: every 5th, extended GP: every 2nd generation
md = 1, mc = 1, λ = 10, mr = 5, mur = 2

Please note that in strategies (b) and (c) pruning is done after each generation

step, whereas in (d) – (g) it is done after each creation of a new model by crossover

and / or mutation. In standard GP this does not make any difference, but when

using offspring selection the decision whether to prune after each creation or after

each generation has major effects on the algorithmic process.
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The mean squared errors function (with early stopping, see Section 7.5.5) was

used here since we mainly concentrate on pruning and population dynamics relevant

aspects. Furthermore, all variables (including the target variable) were linearly

scaled to the interval [-100; +100].

17.6.3 Test Results

Once again, all test strategies have been executed 5 times independently; formula

complexity has been monitored (and protocolled after each generation step) as well

as structural population diversity which was protocolled after every 10th generation:

The multiplicative similarity approach (as defined in Equations 11.21 – 11.23) has

again been chosen, all coefficients c1 . . . c10 were set to 0.2, only the coefficient c1
weighting the level similarity contribution s1 was set to 0.8. The similarity of models

was calculated symmetrically (as described in Equation 12.48).

17.6.3.1 No Formula Size Limitation

Exactly as we had expected, extreme code growth also occurs in GP-based structure

identification; Figure 17.29 illustrates the progress of formula complexity in terms

of formula size in exemplary test runs of series 1a and 2a: The average formula

size is given as well as minimum and maximum values and the progress of the best

individual’s size.

As we see here, formulas tend to grow very big rather quickly; when using offspring

selection, this effect is even a bit more obvious: On average, in standard GP the

formula size has reached 212.84 after 30 iterations, when using OS the average

formula size was even higher after 30 generations (namely 276.35).

17.6.3.2 Light Pruning

The results of test series (b) and (c) can be summarized in the following way: With-

out any further mechanisms that limit the structural complexity of formula trees,

light pruning as described in strategies (b) and (c) is not an appropriate way to

prevent GP from growing enormous formula structures. After 100 generations, the

average formula size in standard GP has grown to 471.34 in test series (1b) and

333.65 in test runs of series (1c) (average standard deviation: 204.29 and 238.27,

respectively); in extended GP the average formula size at generation 30 on aver-

age reached 293.26 and 276.12 in test runs (2b) and (2c), the respective standard
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(a) SGP (b) EGP 

Figure 17.29: Code growth in GP without applying size limits or complexity pun-

ishment strategies (left: standard GP, right: extended GP).

deviations being 157.23 and 124.80.

Systematically analyzing the results of the pruning phases performed in test runs

(b) and (c) we can compare the performances of ES-based and systematic pruning.

For this purpose we have collected the pruning performance statistics for the tests

(b) and (c) and summarize them in Table 17.31:

Table 17.31: Performance of systematic and ES-based pruning strategies.
Parameter Systematic pruning ES-based pruning
Solutions evaluated for pruning one solution 161.02 54.56
Runtime consumed (per iteration) 31.27 sec 12.23 sec
Average coefficient of deterioration 0.2495 0.4053
and reduction of structural complexity

Obviously, both pruning methods performed approximately equally well and were

able to reduce the complexity of the formulas that were supposed to be pruned.

Additionally, we also see that especially for bigger model structures the runtime

consumption is a lot higher when using systematic pruning; in the course of a GP

process it is not considered necessary or even beneficial to reduce models as much

as possible, therefore we shall in the following test runs concentrate on ES-based
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pruning phases. Thus, we suggest using systematic pruning as a preparation step

for results analysis, but not during the execution of GP based training processes.

17.6.3.3 Medium Pruning

Medium pruning, as applied in test series (d), is in fact able to reduce the size of

the formulas stored in the GP populations significantly.

Table 17.32: Formula size progress in test series (d).

Test series Iteration Formula size

avg std

(1d) 20 21.83 32.12

50 74.24 111.84

100 123.67 144.78

500 167.51 156.89

2000 168.23 147.56

(2d) 10 10.77 13.27

20 90.43 52.79

50 228.02 112.51

End of run 283.98 172.33

Table 17.33: Quality of results returned in test series (d).

Test series Evaluation data Best model selection basis

Training data Validation data

avg std avg std

(1d) Training data 1,178.13 205.20 8,231.38 1,041.87

Validation data 17,962.78 762.97 15,850.49 1,309.10

Test data 7,162.48 690.10 5,996.27 927.09

(2d) Training data 1,823.43 823.56 6,005.74 729.47

Validation data 14,590.83 1,476.25 10,506.30 981.35

Test data 6,341.28 770.42 4,439.27 918.72

The best results obtained in the (d) test series are summarized in Table 17.33:

For each test run we have collected the models with best fit on training data as

well as those that perform best on validation data; average values are given as well
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as standard deviations. Obviously, rather strong overfitting has happened here; as

we had expected, the production of very large formulas leads to over-fit formulas

that are not able to perform well on samples that were not used during the training

phase.

17.6.3.4 Strong Pruning

Rather strong pruning was applied in test series (e), and as we see in Table 17.34,

the formulas produced by GP are significantly smaller than those produced in the

previous test series. Still, we observed the fact that genetic diversity is lost very

quickly: Already in early stages of the evolutionary processes, the average structural

similarity of solutions reaches a very high level (which is documented in the two most

right columns of Table 17.34).

The quality of the best models produced is very bad (above 5,000), which is why

we do here not state any further details about the evaluation of these models on the

given data partitions. We suppose that this low results quality is connected to the

loss of population diversity (and of course also the fact that the pruning operations

applied were allowed to decrease the models’ quality).

Table 17.34: Formula size and population diversity progress in test series (e).

Test series Iteration Formula size Solutions similarity

avg std avg std

(1e) 50 12.82 15.76 0.8912 0.0912

100 18.27 18.15 0.9371 0.0289

500 19.75 23.52 0.9685 0.0187

2000 21.39 20.87 0.9891 0.0095

(2e) 10 15.77 9.23 0.9574 0.0318

20 19.86 10.83 0.9825 0.0247

50 21.64 16.34 0.9921 0.0082

End of run 20.03 18.27 0.9943 0.0093

17.6.3.5 Increased Pruning

As light, medium and strong pruning did not lead to the desired results, we have

also tried increasing pruning as defined in test strategy (f). As we see in Table 17.35,

this strategy performs rather well: The size of the formulas produced by GP rises
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especially in early stages of the GP process, but then decreases and on average

finally reaches values between 80 and 100.

In addition to this, the population diversity stays higher in the beginning than in GP

tests including constantly strong pruning, but eventually decreases and the solutions

finally show higher similarities due to the increased pruning in later algorithmic

stages.

Table 17.35: Formula size and population diversity progress in test series (f).

Test series Iteration Formula size Solutions similarity

avg std avg std

(1f) 50 62.72 95.76 0.3674 0.0943

100 91.27 130.77 0.3897 0.1059

500 92.43 107.41 0.6820 0.1124

2000 87.02 90.68 0.8035 0.0861

(2f) 10 40.78 31.47 0.5235 0.0612

20 63.59 59.34 0.7052 0.0803

50 80.26 40.99 0.9450 0.0588

End of run 79.45 47.67 0.9967 0.0156

The quality values of the results produced in this test series are summarized in

Table 17.36. Obviously, less overfitting has happened than in the tests with light or

medium pruning.

Table 17.36: Quality of results returned in test series (f).

Test series Evaluation data Best model selection basis

Training data Validation data

avg std avg std

(1f) Training data 2,597.35 542.04 7,781.28 827.83

Validation data 8,904.91 611.02 5,981.52 974.31

Test data 3,786.51 800.38 2,830.78 427.08

(2f) Training data 2,275.24 649.11 3,814.93 850.89

Validation data 9,712.98 767.56 5,862.62 518.53

Test data 4,912.38 1,198.58 2,275.03 931.62
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17.6.3.6 Complexity Dependant Quality Punishment

In fact, our GP test runs including complexity dependant quality punishment, i.e.

those of test strategy (g), were also able to produce acceptable results for the NOx

data set investigated here. As we see in Table 17.37, in standard GP the formula

sizes are rather high in the beginning and then decrease steadily, whereas in GP

with offspring selection the models on average include between 50 and 60 nodes

during the whole execution of the GP processes. Population diversity values are

comparable to those reported for GP tests without pruning or quality dependant

punishment as summarized for example in Section 17.3.

Figure 17.30 illustrates the formula complexity progress of an exemplary GP run of

test series (2g).

The qualities of the models with best fit on training and validation are summarized

in Table 17.38.

Table 17.37: Formula size and population diversity progress in test series (g).

Test series Iteration Formula size Solutions similarity

avg std avg std

(1g) 50 140.76 90.75 0.3824 0.0534

100 92.62 71.23 0.3916 0.0620

500 73.73 64.99 0.6381 0.0825

2000 79.07 47.61 0.7202 0.0696

(2g) 10 50.24 64.67 0.4873 0.0836

20 60.71 59.01 0.5412 0.0741

50 65.34 48.33 0.8904 0.0852

End of run 58.82 41.87 0.9315 0.0423

17.6.3.7 Fixed Size Limits

In the case of fixed size limits the crossover and mutation operators have to consider

limits for the complexity of models. Model size and population diversity statistics

for test series (h) are summarized in Table 17.39; in GP with offspring selection

all formulas eventually are maximally big, and the solutions similarity values show

results comparable to those reported in Section 17.3. Table 17.40 summarizes the

quality of the results produced, again evaluated on training, validation and test

data. Figure 17.31 illustrates the formula complexity progress of exemplary GP test

runs of series (1h) and (2h).
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Figure 17.30: Progress of formula complexity in one of the test runs of series (1g),

shown for the first ∼400 iterations.

Table 17.38: Quality of results returned in test series (g).

Test series Evaluation data Best model selection basis

Training data Validation data

avg std avg std

(1g) Training data 1,837.84 526.10 4,729.42 480.36

Validation data 12,902.67 767.35 4,531.73 588.30

Test data 2,597.73 835.41 2,708.36 825.64

(2g) Training data 1,402.19 593.84 3,121.86 773.91

Validation data 9,345.87 738.60 3,949.64 962.03

Test data 2,853.62 812.51 2,618.94 664.07

In addition to total statistics we shall also discuss two selected models returned

by one of the test runs of series (2h): Model bt is the model the performs best on

training data (shown in Figure 17.32), bv the one that performs best on validation

data (shown in Figure 17.33). The error distributions on training, validation and

test data partitions are illustrated in Figure 17.34.

Table 17.41 characterizes the performance of bt and bv by means of mean squared

errors as well as the integral values. For this we have calculated the sum of the target

values on training, validation and test data and compared these integral values to

those calculated using the models under investigation. Obviously, bt shows a better
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Table 17.39: Formula size and population diversity progress in test series (h).

Test series Iteration Formula size Solutions similarity

avg std avg std

(1h) 50 37.4182 6.3174 0.4151 0.0935

100 40.2866 5.8133 0.7231 0.0729

500 41.7823 4.3973 0.8175 0.0326

2000 44.2108 5.0450 0.8629 0.0271

(2h) 10 22.4965 8.3763 0.3973 0.0386

20 27.6203 4.2514 0.6022 0.0493

50 44.9120 6.4871 0.8907 0.0371

End of run 50.0000 0.0000 0.9751 0.0189

Table 17.40: Quality of results returned in test series (h).

Test series Evaluation data Best model selection basis

Training data Validation data

avg std avg std

(1h) Training data 1,774.94 300.51 4,168.30 1,186.62

Validation data 10,801.77 923.04 4,248.37 858.02

Test data 5,791.25 1,266.51 2,610.64 930.44

(2h) Training data 1,568.12 382.04 3,083.64 502.75

Validation data 9,641.89 833.71 3,738.13 504.89

Test data 4,802.30 1,371.22 1,374.61 704.73

integral fit on training (and also validation) data, but when it comes to test data the

model that performed best on validation data (bv) produces much more satisfying

results (with an integral error of only 2.354% on test data).

17.6.3.8 Fixed Size Limits and Occasional Pruning

Finally, test series with fixed size limits and occasional pruning have also been exe-

cuted and analyzed; the results regarding formula complexity, population diversity

and results qualities are summarized in Tables 17.42 and 17.43.

Obviously, the results produced are (with respect to evaluation quality) compa-

rable to those produced in the previous series. Still, of course the formula sizes are
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Figure 17.31: Progress of formula complexity in one of the test runs of series (1h)

(shown left) and one of series (2h) (shown right).

Table 17.41: Comparison of best models on training and validation data (bt and bv,

respectively).

bt bv

Training quality (MSE) 1,434.65 2,253.62
Validation quality (MSE) 9,187.53 3,748.61
Test quality (MSE) 2,936,40 1,461.95
Target training values integral 6.010 ∗ 106

Estimated training values integral 6.037 ∗ 106 (-0.452%) 6.084 ∗ 106 (+1.220%)
Target validation values integral 4.660 ∗ 105

Estimated validation values integral 4.620 ∗ 105 (+0.872%) 4.517 ∗ 106 (+3.173%)
Target test values integral 3.978 ∗ 105

Estimated test values integral 3.198 ∗ 105 (+24.395%) 3.886 ∗ 106 (+2.354%)

a bit smaller (due to pruning), and also overfitting seems to have decreased: Even

though the fit on training data is not as good as on previous test series, the quality

on test data is still very good and comparable to the test performance reached in

test series (g) and (h).
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+(+([1,030496*Var003(t-0)]|-([1,02955555783691*Var007(t-8)]|[1,02955555783691*Var007(t-9)])|/([0,859604*Var007(t-7)]|Signum(+(-19,6774250843158 
|[0,925277*Var007(t-0)])))|/([0,796922*Var008(t-10)]|Signum(+(-13,4653753764306|[1,009622*Var007(t-1)]))))|+(+([1,064909*Var006(t-6)] 
|[0,245936*Var001(t-5)]|-8,11313346378627|-([1,02466876708512*Var007(t-10)]|[1,02466876708512*Var007(t-11)])|-([1,02993590500011*Var007(t-10)] 
|[1,02993590500011*Var007(t-11)]))|[1,062877*Var006(t-6)]|[0,792079*Var008(t-10)]|Exp(Sqrt([1,008566*Var007(t-1)]))|/([0,796922*Var008(t-10)] 
|Signum(+(-19,6774250843158|[1,009622*Var007(t-1)]))))|*([1,030496*Var003(t-0)]|+([1,070487*Var007(t-0)]|Signum(Sin([1,015816*Var004(t-6)]))|-
(Signum([0,925277*Var007(t-0)])|[1,028206*Var003(t-7)])|Exp(Sin([0,859604*Var007(t-7)]))))|-([1,02015787437991*Var007(t-9)] 
|[1,02015787437991*Var007(t-10)])|-([1,02955555783691*Var007(t-8)]|[1,02955555783691*Var007(t-9)])) 

Figure 17.32: Model with best fit on training data: Model structure and full evalu-

ation.

 
IF(<(IF(&&(<(-([0,878205630205626*Var009(t-0)]|[0,878205630205626*Var009(t-1)])|14,6416958621683)|<=(-([0,916623127059497*Var002(t-6)] 
|[0,916623127059497*Var002(t-7)])|14,6416958621683)))THEN(17,4222949615303),ELSE([1,174105*Var003(t-7)])|IF(<([0,928868*Var008(t-4)]|-
([0,916872632186935*Var006(t-5)]|[0,916872632186935*Var006(t-6)])))THEN([0,970435*Var007(t-9)]),ELSE(IF(<=(-([0,806610292256365*Var002(t-1)] 
|[0,806610292256365*Var002(t-2)])|13,4084736247274))THEN([0,974565*Var007(t-0)]),ELSE([1,085533*Var004(t-1)]))))THEN(*(IF(&&(<([0,973703*Var004(t-6)] 
|-20)|>=([1,176232*Var003(t-10)]|[0,983657*Var007(t-0)])))THEN(13,4084736247274),ELSE([0,983657*Var007(t-0)])|+([0,796939*Var003(t-0)] 
|[1,176232*Var003(t-10)]|13,4084736247274))),ELSE(+(-20|[1,085533*Var004(t-1)]|+(IF(==([0,970435*Var007(t-9)]|-20))THEN([0,786266*Var003(t-10)]), 
ELSE([0,983657*Var007(t-0)])|[0,970435*Var007(t-9)]|[0,983657*Var007(t-0)]))) 

Figure 17.33: Model with best fit on validation data: Model structure and full

evaluation.

17.6.4 Conclusion

In this section we have demonstrated the effects of code bloat and selected prevention

strategies for GP. As expected and known from literature, without any limitations

or size reducing strategies GP tends to produce bigger and bigger models that fit

the given training data, but of course this also increases the probability of producing

over-fit models. Pruning strategies have been analyzed, and the test results show

that only strong pruning is able to prevent GP from producing bigger and bigger

models, which again decreases population diversity and leads to results which are

not optimal. Complexity dependent fitness punishment as well as fixed size limits

enable GP to produce quite good results; occasional pruning in combination with

fixed size limits can help to decrease overfitting.
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Figure 17.34: Errors distributions of best models: Charts I, II and III show the er-

rors distributions of the model with best fit on training data evaluated on training,

validation and test data, respectively; charts IV, V and VI show the errors distribu-

tions of the model with best fit on validation data evaluated on training, validation

and test data, respectively.
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Table 17.42: Formula size and population diversity progress in test series (i).

Test series Iteration Formula size Solutions similarity

avg std avg std

(1i) 50 34.8365 6.1534 0.4682 0.0852

100 37.1863 4.9901 0.7413 0.0711

500 39.2217 5.2673 0.8388 0.0450

2000 40.1260 4.9724 0.8992 0.0251

(2i) 10 18.5330 6.6114 0.4307 0.0518

20 21.5286 5.3083 0.7202 0.0772

50 38.5143 5.6305 0.9248 0.0403

End of run 48.2051 4.6228 0.9859 0.0178

Table 17.43: Quality of results returned in test series (i).

Test series Evaluation data Best model selection basis

Training data Validation data

avg std avg std

(1i) Training data 2,258.22 561.27 5,869.40 1.233.09

Validation data 6,608.26 1,463.49 4,819.26 730.51

Test data 2,238.61 983.57 1,811.05 834.83

(2i) Training data 1,723.07 623.11 4,209.57 499.89

Validation data 6,361.46 921.26 3,607.13 736.05

Test data 3,289.33 945.79 1,434.63 739.22
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Chapter 18

Incorporation of A Priori

Knowledge: Modeling NOx with

Physical Knowledge and GP

18.1 Physical Knowledge about the Formation of

NOx

In previous chapters we have already described results of attempts to identify dy-

namic models for NOx emissions of diesel engines. In fact, research in this area has

been done since several decades, so there is already a lot of physical and chemical

knowledge available for this modeling task:

As Warnatz, Maas and Dibble explain in [WMD96], the products of combus-

tion are distinctly identified as a severe source of environmental damage, especially

caused by increased combustion of hydrocarbon fuels. The major combustion pro-

ductions, especially carbon dioxide and water, have long been considered rather

“harmless”; now, carbon dioxide is more and more seen as a significant source of

problems regarding the atmospheric balance and greenhouse effect.

Nitric oxides (NOx) are less obvious products of combustion; within the last half

of the twentieth century it has become apparent that NO and NO2, collectively

called NOx, are major contributors to photochemical smog and ozone in the tro-

posphere [Sei86]. Gaining knowledge regarding the production process of NOx is

therefore of great interest and researchers search for models for the production of

these pollutants in order to find new ways how to minimize them [WMD96].
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Based on physical models summarized in [WMD96], we have used the following

model describing the production of NOx dependent on measurable engine param-

eters. This model has been suggested by Markus Hirsch, research assistant at the

Institute for Design and Control of Mechatronical Systems at Johannes Kepler Uni-

versity Linz, Austria [HW07] and can be formulated in the following way:

HFM∗ =
HFM

N
· 1000

60

[
kg/h

U/min
· 1000

60
= g/U

]
(18.1)

NOx ≈ e(qMI·(α·pMI+β· 1
N

+γ·HFM∗)) (18.2)

where

• HFM is the amount of fresh air in the engine’s air intake section,

• N the engine’s rotational frequency,

• HFM∗ is the amount of fresh air divided by the rotational frequency and

converted to the amount of air per combustion cycle,

• qMI the amount of fuel injected into the combustion chamber(s),

• pMI is the angle φ of the fuel injection, the crankshaft angle1, and

• α, β and γ are parameters which have to be identified.

Figure 18.1 shows a graphical representation of this semi-abstract model struc-

ture available as physical knowledge for the formation of NOx emissions.

The data set available in this context again contains measurements taken from a

2 liter 4 cylinder BMW diesel engine at a dynamical test bench (simulated vehicle:

BMW 320d Sedan). The most recent NOx data set (III, described in Section 14.2.2)

has been used in the test series reported on in this chapter: Several emissions (in-

cluding NOx, CO and CO2) as well as several other engine parameters were recorded

at 100 Hz and downsampled to 10 Hz. The maximum time offsets for all potential

input variables has been set to 1, only when referencing HFM we have allowed a

maximum offset of 5 samples.

Figure 18.2 visualizes the target variable HoribaNOx (this figure has on fact

already been shown in Section 14.2.2 as Figure 14.8).

1The crankshaft angle is directly related to the piston position, which plays an important role
in the injection timing. This crankshaft angle can be easily measured and is therefore used for the
control of the injection timing.
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ex 

* 

qMIt-{0,1} +

α * pMIt-{0,1} β * 1/Nt-{0,1} γ * HFM*t-{0,5} 

Figure 18.1: Model representing the physical knowledge available for the formation

of NOx emissions.

 

Figure 18.2: Target HoribaNOx values of NOx data set III.

18.2 Strategies for the Incorporation of Knowl-

edge about the Formation of NOx in GP

As we now know about the physical knowledge available in context with formation

of NOx during combustion in diesel engines, there are several ways how we can make

this information available for the GP process.
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18.2.1 Introduction of a New Variable for HFM∗

First and most obviously, Formula 18.1 describing the calculation of the auxiliary

variable HFM∗ can be used for defining a new variable; as there are no parameters

to be fixed, this new variable can be introduced into the data base immediately.

The GP process is therefore able to use this information simply by using this new

variable, i.e. by creating models that reference the variable HFM∗.

18.2.2 Seeding Stub Models for NOx

The incorporation of the information given in Formula 18.2 is a bit more complicated

as it includes parameters which are not known; we shall here discuss possibilities

how to use the strategies given in Chapter 9.

The first possibility is to seed the population using a stub of the model already

known. Of course, this brings along the problem that the unknown parameters in-

cluded in the model, namely α, β and γ, have to be initialized using some arbitrary,

but fixed values; we initially set those parameters to 0.1 and expect the evolution-

ary optimization process to tune the values so that improved model structures are

evolved.

As already mentioned in Chapter 9, we now have to decide to which extent this

pre-defined model shall be inserted in the initial population and during the main

loop of the GP process.

18.2.3 Defining Terminals and a Basic Function for NOx

An alternative method is to create an artificial function that represents the structure

of the knowledge available. So we define the following additional items that are to

be added to the functional basis used by the GP process:

• The function definition “PKfuncNOx” represents the main part of the model.

On the one hand it expects the input variables qMI, pMI, 1/N (N−1) and

HFM∗ as inputs at indices 0, 2, 4 and 6; on the other hand it also expects 5

more inputs that are processed as coefficients (at indices 1, 3, 5 and 8) or an

additional term at index 7.

When called with the expected inputs I0...8, this function returns the result of
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the following expression:

eI0·(I1·I2+I3·I4+I5·I6+I7)·I8 (18.3)

• The terminal definitions “qMI”, “pMI” and “HFM∗” represent variables that

always reference the variables qMI, pMI and HFM∗, respectively, and

• the terminal definition “Ninv”, in Figure 18.3 shown as “N−1”, always returns

the multiplicative inverse of the respective sample in the N variable.

The requirements regarding valid parent and child definitions are given in such a way

that a node referencing the “PKfuncNOx” function is only allowed to accept child

nodes referencing the terminal definitions “qMI”, “phiMI”, “N−1” and “HFM∗” at

indices 0, 2, 4 and 6, respectively. All other indices are not restricted, i.e. any subtree

structure can be attached at indices 1, 3, 5, 7 and 8 representing the parameters α,

β and γ, an additional additive term and an additional coefficient.

Figure 18.3 graphically shows the terminals and the function definition used in

this approach.

 
 

 
 
 
 
 
 
 
 

PKfuncNOx 

qMI 
t-{0,1} 

phiMI 
t-{0,1} 

HFM* 
t-{0,5} 

N-1 
t-{0,1} 

0 

1 

2 

3 

4 

5 

6 

7 

8 

Figure 18.3: Terminal definitions and the “PKfuncNOx” function representing phys-

ical knowledge about the formation of NOx emissions.

18.3 Test Strategies

Using the definitions described in the previous section we shall now see to which

extent these strategies are appropriate for incorporating physical knowledge into
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the GP process. We here report on test series executed using the test strategies

summarized in Table 18.1.

Table 18.1: Test strategies for incorporating physical knowledge about the formation

of NOx in the GP process.

Strategy Index Approach and Parameters

(I) No additional information given.
(II) Use of additional variable HFM∗, as described in Section 18.2.1.
(III) Use of additional variable HFM∗ as well as stub model

described in Section 18.2.2.
(IIIa) Seed model in 20% of the initial population
(IIIb) Seed model in 60% of the initial population
(IIIc) Seed model in 100% of the initial population

(IV) Use of additional variable HFM∗ as well as stub model
described in Section 18.2.2.

(IVa) Seed model in 10% of the initial population and with 10% probability
in main loop (replacing solutions selected by parents selection)

(IVb) Seed model in 20% of the initial population and with 20% probability
in main loop (replacing solutions selected by parents selection)

(IVc) Seed model in 50% of the initial population and with 30% probability
in main loop (replacing solutions selected by parents selection)

(V) Use of additional variable HFM∗ as well as terminals and the
“PKfuncNOx” function as described in Section 18.2.3

(Va) No manipulation of the GP-process
(Vb) Introduction of “PKfuncNOx” function into solutions

by special mutation operator; probability: 15%

Once again, all test strategies have been executed 5 times independently: We

applied GP with 1000 solutions, strict offspring selection (maximum selection pres-

sure: 200), gender specific parents selection (random & roulette) and 12% mutation

rate.
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18.4 Test Results

18.4.1 Test Series I: Using no Additional Information

Table 18.2 summarizes the quality of the models produced for the NOx data set

without adding any physical knowledge. We here also give average and standard

deviation values of the performance of the models that show best fit on training and

of those that show best fit on validation data. Once again we see that those models,

that perform best on validation data, are also those that perform quite well on test

data (at least better than those that show best fit on training data).

Table 18.2: Quality of results produced in test series I.
Quality (mse)

Model Training Validation Test
avg std avg std avg std

Best on training data 0.003585 0.000241 0.004497 0.000341 0.005236 0.000382
Best on validation data 0.004148 0.000276 0.003538 0.000295 0.004359 0.000331

18.4.2 Test Series II: Using an Additional Variable

After adding physical knowledge in terms of the additional variable HFM∗ we again

executed GP tests and collected the results summarized in Table 18.3. Obviously,

the results are a lot better - not only in terms of training, but also validation and

test quality.

Table 18.3: Quality of results produced in test series II.
Quality (mse)

Model Training Validation Test
avg std avg std avg std

Best on training data 0.003312 0.000219 0.003714 0.000204 0.003979 0.000263
Best on validation data 0.004022 0.000157 0.003329 0.000198 0.003901 0.000374
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18.4.3 Test Series III and IV: Inducing Model Structures

into GP

In addition to the variable HFM∗, physical knowledge has also been inducted into

the GP processes by seeding known model structures into the initial population as

well as into the main GP loop as defined in test strategies III and IV; Tables 18.4

and 18.5 summarize the quality of the models produced in these test series. Ob-

viously, this induction of model structures again brought along an increase of the

results’ quality:

• Seeding the models into the initial population at medium rate (series IIIb)

seems to be the best strategy if no more manipulation is done during the main

GP loop.

• Regarding the induction of models in the main GP loop (as done in test series

IV) also the medium variant seems to have performed best, as the results of

series IVb are better than those measured for test series IVa and IVc.

Table 18.4: Quality of results produced in test series III.
Quality (mse)

Model Training Validation Test
avg std avg std avg std

(a) Best on training data 0.00327 0.00018 0.00359 0.00019 0.00391 0.00018
Best on validation data 0.00390 0.00015 0.00316 0.00010 0.00388 0.00022

(b) Best on training data 0.00319 0.00020 0.00381 0.00022 0.00382 0.00031
Best on validation data 0.00404 0.00014 0.00305 0.00014 0.00408 0.00038

(c) Best on training data 0.00361 0.00025 0.00393 0.00028 0.00409 0.00024
Best on validation data 0.00463 0.00026 0.00329 0.00017 0.00429 0.00032

Figure 18.4 illustrates a model which was returned as best model with respect

to fit on validation data in one of the test runs in series IVb. Obviously, the given

model structures that were inducted into the GP processes in series IV have been

used and are incorporated in the model’s structure.

Of course, all these manipulations of the GP process (as done in test series

III and especially IV) are expected to have more or less significant effects on the

GP population dynamics. This can be clearly seen in Tables 18.6 and 18.7 which

summarize the average solution similarities (given as mean average and standard
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Table 18.5: Quality of results produced in test series IV.
Quality (mse)

Model Training Validation Test
avg std avg std avg std

(a) Best on training data 0.00316 0.00016 0.00382 0.00017 0.00402 0.00023
Best on validation data 0.00399 0.00016 0.00339 0.00014 0.00382 0.00032

(b) Best on training data 0.00289 0.00015 0.00360 0.00017 0.00370 0.00017
Best on validation data 0.00439 0.00015 0.00289 0.00010 0.00348 0.00020

(c) Best on training data 0.00305 0.00027 0.00427 0.00024 0.00426 0.00026
Best on validation data 0.00387 0.00020 0.00353 0.00019 0.00384 0.00027

deviation values) of the test series III and IV: Of course, the more the GP process is

forced to use some given model structure (parts), the less the population diversity

becomes and more the mutual similarity of the populations’ individuals rises. This

effect becomes obvious especially in the results for test series IIIc and IVc.

Table 18.6: Population diversity progress in test series III.
Test series Iteration Average solutions similarity

avg std

a 10 0.2738 0.0398
20 0.4380 0.0479
40 0.7429 0.0334

End of run 0.9892 0.0247
b 10 0.3952 0.0402

20 0.4537 0.0537
40 0.7548 0.0479

End of run 0.9917 0.0281
c 10 0.4203 0.0458

20 0.4946 0.0435
40 0.7823 0.0382

End of run 0.9946 0.0172

Furthermore, forcing the GP process to use some given model structures also

influences population dynamics not only in terms of population diversity, but also

regarding the frequency and the impact of terminals and functions that are available

in the given functional basis. This can be done measuring mean squared difference

function defined in Equation 12.19; terminals and functions are systematically re-

moved (i.e., replaced by their parents’ neutral elements for the respective input

index) and the formulas re-evaluated. Table 18.8 summarizes the average fitness-

weighted impact values for each given terminal and variable in test series I & II and
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*(0,03295252415|+(+(+(-9,46567338989098|*(Exp(+(*(2,28775692582664|+([0,070808*Var008(t-0)]|-0,258062238956865))|*(0,0332778702163062|+([-0,076378 
*Var012(t-2)]|168,527475406471))|*(13,1447989812029|+([0,134846*Var024(t-0)]|-0,116801040367473))))|+(*(0,0216216216216216|+([-0,233247*Var013(t-0)] 
|336,692581340245))|*(13,1447989812029|+([0,220482*Var024(t-0)]|-0,190977552643847))|Exp(*(8,06451612903226|+([-0,053086*Var009(t-2)] 
|0,0658266640240317)))))|Exp(+(*(13,1447989812029|+([0,072412*Var024(t-0)]|-0,0627215386548598))|*(0,0216216216216216|+([-0,042651*Var013(t-0)] 
|61,5662161068429))|*(13,1447989812029|+([0,154444*Var024(t-0)]|-0,133776754704841)))))|*(Exp(Cos(*(13,1447989812029|+([0,167279*Var024(t-0)]|-
0,144893638173656))))|+(*(0,088308019927729|+([0,128883*Var014(t-2)]|-16,5470311567856))|*(0,0332778702163062|+([-0,022459*Var012(t-2)] 
|49,5555169769855))|Exp(*(*(0,088308019927729|+([-0,146616*Var014(t-1)]|18,8237422359773))|*(13,1447989812029|+([0,165896*Var024(t-0)]|-
0,143696015960345))))))|*(*(1,43369187960074|+([-0,101744*Var007(t-2)]|1,52463483246412))|Exp(*(*(*(1,43369187960074|+([-0,008179*Var007(t-0)] 
|0,122568034142857))|+(*(2,28775692582664|+([-0,088277*Var008(t-1)]|0,321729996215363))|*(13,1447989812029|+([0,157689*Var024(t-0)]|-
0,136587034346519))|-0,463536465954036))|+(*(0,088308019927729|+([0,181987*Var014(t-1)]|-23,3649753346804))|-9,8625925134551 
|*(0,0455062540041238|+([0,079715*Var011(t-1)]|-56,4100106106371)))))))|10,3291258342041)) 

 

Figure 18.4: Best model produced for the NOx data set: The given a priori knowl-

edge has been incorporated as subtrees of the returned model structure.

III & IV2 after 10 iterations and at the end of the GP runs that have been analyzed.

As we see here, some terminals and variables tend to have almost no impact on the

populations’ evaluation (especially differential, square root, logarithm, sine, condi-

2For the sake of results lucidity the results for test series I and II have been collected and
analyzed collectively as well as those for test series III and IV.
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Table 18.7: Population diversity progress in test series IV.
Test series Iteration Average solutions similarity

avg std

a 10 0.2664 0.0428
20 0.4334 0.0476
40 0.7796 0.0309

End of run 0.9914 0.0187
b 10 0.2703 0.0438

20 0.4737 0.0385
40 0.8290 0.0321

End of run 0.9953 0.0196
c 10 0.3025 0.0422

20 0.5916 0.0429
40 0.8645 0.0313

End of run 0.9971 0.0127

tionals, and Boolean and logical functions), whereas others are integral parts of the

evaluation of the produced GP populations. Furthermore, in the results calculated

for test series III and IV we see a higher impact of the multiplication and expo-

nential functions; due to the repeated induction of model structures the functions

used in these structures eventually become more prominent, integral parts of the

populations’ solutions.

18.4.4 Test Series V: Using an Enhanced Functional Basis

Test series V finally represents GP tests using the artificial function “PKfuncNOx”

as described in Section 18.2.3. Both surprisingly and also a little disappointingly,

this function was not able to enable GP to produce better models; in fact, in both

test variants (Va and Vb) this function was not considered by the GP process.

Table 18.9 summarizes the quality of the best models produced in these test series:

The quality of the models produced in series Va is comparable to the fitness of

those of series II (without any manipulation of the GP process), forcing GP to use

“PKfuncNOx” by directed mutation here even leads to worse results.

In order to find out whether or not this is only because of the enhanced selection

concepts used we have here also tried standard genetic programming (SGP) with

1000 individuals, 7% mutation rate, tournament selection (k=3) and 2000 genera-

tions. The quality of the models returned by SGP are (as expected) slightly worse

– this can be seen in Table 18.10. Thus, offspring alone cannot be considered to be
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Table 18.8: Population diversity progress in test series IV.
Definition Test series I and II Test series III and IV

Iteration 10 End of run Iteration 10 End of run
Variable 23.63 50.16 37.94 54.82
Constant 17.99 28.82 36.85 21.39
Differential 2.03 0.37 3.86 0.68
Addition 31.89 49.27 25.31 31.97
Subtraction 15.79 28.29 13.37 9.62
Division 9.04 7.53 8.20 6.02
Multiplication 59.43 51.16 77.04 80.69
Power 33.37 3.52 28.31 1.35
Square Root 0.01 0.02 0.03 0.01
Exponential 18.36 19.28 14.07 38.23
Logarithm 0.00 0.00 0.00 0.00
Trigonometrics 23.19 9.42 15.68 2.52
Signum 8.29 0.05 9.70 0.00
Boolean 13.03 0.04 9.42 0.00
Logical 8.02 0.01 0.01 0.01
Conditional 13.09 0.85 3.69 0.02

Table 18.9: Quality of results produced in test series V.
Quality (MSE)

Model Training Validation Test
avg std avg std avg std

(a) Best on training data 0.00341 0.00020 0.00388 0.00021 0.00413 0.00027
Best on validation data 0.00384 0.00017 0.00334 0.00018 0.00409 0.00032

(b) Best on training data 0.00400 0.00031 0.00445 0.00034 0.00436 0.00044
Best on validation data 0.00426 0.00017 0.00356 0.00026 0.00388 0.00028

the cause for these results.

We have analyzed the population diversity for test series Va and Vb, both with

standard as well as enhanced GP (with gender specific parents selection and strict

offspring selection), the results are summarized in Table 18.11: For series Va the

results are comparable to those reported on in Section 17.3, the analysis of test

series Vb shows higher mutual solutions similarity values and thus lower population

diversity.

Of course we have also calculated the impact of the “PKfuncNOx” function3 in

3The impact of the “PKfuncNOx” function is here calculated in the same way as in previous
terminals and variables impact comparisons as defined in Section 18.4.3.
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Table 18.10: Quality of results produced by standard GP in test series V.
Quality (MSE)

Model Training Validation Test
avg std avg std avg std

(a) Best on training data 0.00372 0.00031 0.00391 0.00027 0.00549 0.00041
Best on validation data 0.00419 0.00020 0.00357 0.00023 0.00486 0.00040

(b) Best on training data 0.00387 0.00041 0.00458 0.00040 0.00473 0.00038
Best on validation data 0.00528 0.00021 0.00386 0.00037 0.00431 0.00031

Table 18.11: Population diversity progress in test series V.
Test series Iteration Average solutions similarity

Standard GP Extended GP
avg std avg std

a 10 0.2948 0.0562 0.3520 0.0398
400 / 20 0.7835 0.0724 0.4251 0.0432
1000 / 40 0.8620 0.0529 0.6368 0.0379

End of run 0.8873 0.0235 0.9641 0.0261
b 10 0.3523 0.0511 0.3532 0.0430

400 / 20 0.8407 0.0604 0.5286 0.0402
1000 / 40 0.8825 0.0516 0.7753 0.0317

End of run 0.8933 0.0362 0.9751 0.0185

standard as well as in extended GP:

• In test series Va, the impact of “PKfuncNOx” is on average 21.45 in standard

GP after 100 iterations and eventually falls down to 11.89; in extended GP, it

reaches 18.52 after 10 iterations and in the end goes down to only 7.41.

• In test series Vb (including repeated introduction of the “PKfuncNOx” func-

tion by directed mutation) the impact of this function is of course higher. In

standard GP it reaches 28.11 on average after 100 generations and 31.23 by

the end of the GP processes; in extended GP, the function’s average impact is

about 24.58 after 10 generations and finally reaches 35.59.

Thus, comparing these results we have to admit that the “PKfuncNOx” func-

tion loses importance almost completely during the GP process executions; only by

introducing it repeatedly it can remain in the GP populations, but this again leads

to significantly worse results than without doing so.

Obviously, in this application it has been easier for the GP process to integrate
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physical knowledge given as model structures (built up of simple standard compo-

nents) than complex functions. We have also observed the fact that the “PKfunc-

NOx” function was represented in successful solutions only if all input subtrees were

terminal nodes - as soon as more complex subtrees were attached to this function

(serving as coefficients for the terms that are summed up), the function contributed

in a negative way so that the formulas were either eliminated by offspring selection

or not selected as parents for the next generations.

18.5 Conclusion

In this chapter we have summarized test results for an example for the introduction

of a priori about the system which is to be identified: Virtual sensors for the NOx

emissions of a BMW diesel engine have been created using physical knowledge.

Three different ways how to introduce additional knowledge into the GP based

learning process have been discussed and tested:

• If partial knowledge can be formulated by equations without variable param-

eters, then additional variables can be formed. Of course, this approach can

be used in any machine learning approach; in this example application, the

virtual variable HFM∗ has been formed and added to the problem data set,

leading to increased model qualities.

• Alternatively, model structures representing partial knowledge (about physical

systems, e.g.) can also be introduced into the GP process by seeding parts of

the initial population or by repeatedly inserting them into the main GP loop

(before crossover and mutation operations). In our example application, this

was also successfully done; of course, if this forceful introduction is done too

often, then population diversity can be lost leading to worse results.

• The third possibility discussed and tested here is the formation of complex

functions representing partial knowledge; the genetic process is then supposed

to form models that include these functions. Unfortunately, exactly this ap-

proach did not really work fine in this exemplary application: On the one hand,

without manipulating the GP process, the function designed in this example

died off almost completely, and on the other hand forceful introduction of this

function into the existing models had negative effects on population diversity

as well as on results quality.
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Chapter 19

Results Stability

19.1 Introduction

Even though GP is widely considered a method that is able to identify models

for several kinds of linear as well as nonlinear systems (see examples for example

in [Koz92], [KKS+03a], [WEA+06] or [WAW07a]), the following problem is repeat-

edly discussed: Due to the stochastic element that is intrinsic to any evolutionary

process and the extremely wide range of possible (arbitrarily complex) models that

can be formed using function and terminal definitions, genetic programming cannot

guarantee that the results of GP processes applied to a given data set will always

be similar or even equal to each other. Still, if there is a physical model underlying

to the data that are analyzed, then GP is expected to find these structures and

produce somehow similar results.

In principle, the analysis of GP results reported on in this chapter was done in the

following way: For each test run (including 10 separate GP processes) we collect the

models that were eventually returned by the modeling algorithms; all returned mod-

els are then syntactically compared to each other using the multiplicative structural

comparison function presented in Chapter 11.

An explanatory, synthetic example is given in Figure 19.1: 5 solutions are com-

pared to each other and the results are summarized in the given table. Additionally,

for each solution we collect the maximum similarity of the respective solution com-

pared to all other ones: maxSim(mi) = max∀j:1≤j≤n,j �=i(sim(mi, mj)) (where mi is

the model number i and n the total number of models).

In this example, the mean similarity is 0.313 (standard deviation: 0.245), and the

mean maximum similarity is computed as 0.529 (standard deviation: 0.248).
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  Iteration 17 
 
    01: Signum(Sqrt(Log(-(e^(4,92436805485784|e^([1,115452*Var029(t-0)]| 

Cos([1,058453*Var012(t-0)])))|*(Signum(-8,98619052616505)|/(Tan(-
([0,918539224493133*Var028(t-0)]|[0,918539224493133*Var028(t-1)])) 
|[0,989673*Var029(t-0)])|*(5,50294049733634|[0,990563*Var010(t-0)])))))) 

    02: /(Tan(IF(<=(+([1,077744*Var022(t-0)]|-([1,10727685164315*Var015(t-0)] 
|[1,10727685164315*Var015(t-1)]))|-([0,976768789758407*Var022(t-0)] 
|[0,976768789758407*Var022(t-1)])))THEN([1,041900*Var004(t-0)]), 
ELSE(Sqrt(IF(<=(2,44583836239596|[1,154666*Var009(t-0)])) 
THEN([0,943343*Var029(t-0)]),ELSE([0,950025*Var022(t-0)]))))| 
Tan(IF(<=(+([1,077744*Var022(t-0)]|17,1775511725676)|-
([0,976768789758407*Var022(t-0)]|[0,976768789758407*Var022(t-1)]))) 
THEN(0,908943850130704),ELSE(Sqrt(IF(<=(-1,91706125250988| [1,040191* 
Var027(t-0)]))THEN([0,943343*Var029(t-0)]),ELSE([0,950025*Var022(t-0)]))))) 

    03: /([1,018166*Var029(t-0)]|[1,018166*Var029(t-0)]) 
    04: IF(||(||(<=([0,963652*Var028(t-0)]|[1,043041*Var005(t-0)])| >([0,853987*Var027 

(t-0)]|-([1,03592076887582*Var005(t-0)]| [1,03592076887582*Var005(t-1)])))|<(-
(e^([0,935266*Var000(t-0)]|18,5846317477213)|0,628437844963067)| 
+(18,9154051224144|11,6099712533028)))) THEN(Signum(Signum(Tan(IF(<=(-
([1,0425793099*Var005(t-0)]| [1,0425793099*Var005(t-1)])|[1,171622* 
Var013(t-0)]))THEN([0,968277*Var029(t-0)]) ,ELSE(Signum(-(13,4731341989302|-
2,3347292239722))))))), ELSE(Tan(Signum(+([1,172564*Var013(t-0)]| 
Signum(6,10413791798622)|-([0,959094579076586*Var001(t-0)]| 
[0,959094579076586*Var001(t-1)]))))) 

    05: IF(&&(&&(<=(-([1,04831623404712*Var023(t-0)]|[1,04831623404712*Var023(t-1)])| 
Log([1,023825*Var001(t-0)]))|>=(-14,6562330699379|-12,6473184478614))|~(<(-
([0,932356724857449*Var024(t-0)]|[0,932356724857449*Var024(t-1)])| 
Log(Signum([0,941442*Var004(t-0)]))))))THEN([1,232069*Var001(t-0)]), 
ELSE(Signum(Sin([1,068600*Var029(t-0)]))) 

 
 Similarity |    (01)    |    (02)    |    (03)    |    (04)    |    (05)    |  maxSim    
------------+------------+------------+------------+------------+------------+----------- 
      (01)  |      -     |  0,143795  |  0,043997  |  0,275474  |  0,140406  |  0,275474  
      (02)  |  0,210052  |      -     |  0,072045  |  0,513435  |  0,331605  |  0,513435  
      (03)  |  0,939894  |  0,800255  |      -     |  0,379430  |  0,379209  |  0,939894  
      (04)  |  0,257190  |  0,337566  |  0,024343  |      -     |  0,419353  |  0,419353  
      (05)  |  0,165161  |  0,251798  |  0,032487  |  0,545353  |      -     |  0,545353  
 
mean(similarity):   0,31314 
stddev(similarity): 0,24465 
 
mean(maxSim):       0,53870 
stddev(maxSim):     0,24757 
 

Figure 19.1: Synthetic example for results stability analysis.

The results presented in this chapter are partially to be published in [WAW08b]

on the reliability of nonlinear modeling using enhanced genetic programming tech-

niques.

19.2 Test Setup

We have tested GP with strict offspring selection (comparison factor and success

ratio have been set to 1.0, the maximum selection pressure to 200) using the following

4 test data sets:

• The Melanoma data set,
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• the Thyroid data set,

• the Wisconsin data set, and

• the NOx data set described in Section 14.2.2.

In all four cases the first 80% of the data sets were used as training data, the rest

as validation data (used by pruning methods).

The functions and terminals basis contained the following definitions:

• Basic arithmetic functions (addition, subtraction, multiplication, division),

• exponential and logarithm functions,

• trigonometric functions (sine, cosine and tangent), and

• conditional, boolean and logic functions;

• variables (in the case of learning models for the classification sets no time

offsets other than 0 were allowed, for the NOx data set the maximum time

offset was set to 2.0),

• constants, and

• differentials (only in the context of learning models for the NOx data set).

For calculating the similarity of models the multiplicative structural similarity

function has been used (all coefficients c1 . . . c10 were set to 0.2, only the coefficient

c1 weighting the level difference contribution d1 was set to 0.8.). For each test run

we give the average and standard deviation values of the similarities of the mod-

els; additionally, for each model we have collected the maximum similarity values

maxSim and calculated average and standard deviation for these values, too.

19.3 Test Results

The Tables 19.1 – 19.4 summarize the similarity values calculated for each of the

5 test series (for learning models for each data set); the average similarity values

and average maximum similarity values are given as well as the respective standard

deviations.
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Obviously, the results produced are not extremely similar to each other: Given

the fact that 1,000 randomly generated models for the NOx data set show an average

similarity of 0.1287 (std : 0.0255), an average similarity of 0.4149 seems plausible,

but unfortunately not really high; in fact, we had expected higher values. For the

classifiers produced we see even lower results, having in mind that 1,000 randomly

generated classifiers for the Melanoma, Thyroid or the Wisconsin data set show

average similarities of 0.1478 (std : 0.02736).

Of course, one fact has to be considered here: GP tends to produce bloat, and

models produced by GP are likely to become maximally big and are thus prone to

overfitting. This is why for example pruning methods are used for removing parts

of the models produced in order to become smaller, more compact formulas; still,

this pruning should not decrease the quality of the models more than necessary

(this trade-off always has to be kept in mind when it comes to pruning). We have

used a pruning method based on evolution strategies (as described in Section 10.2)

for reducing the complexity of the models that are eventually returned as results

of the GP processes by cutting out nodes and deleting subtrees of the given model

structures; no quality deterioration was allowed, the number of solutions (λ) was

set to 25, and the maximum number of iterations to 10. After doing so, the pruned

results were once again compared to each other leading to the results summarized

in Tables 19.5 – 19.8.

Obviously, the mutual similarity of the pruned results is a lot higher than the

original ones, on average even reaching 0.6238 for the NOx data set. This result is

in fact very satisfying because it shows that independent GP processes have in this

case really produced formulas with rather similar model structures; pruning reveals

the really essential parts of the models, and these essential parts are more similar

to each other than the original ones. Furthermore, this increase of results similarity

after pruning them is a lot stronger when analyzing the results for the NOx data

set (representing a real, mechatronical system) than when analyzing the classifiers

produced for the classification data sets.
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Table 19.1: Results similarity statistics for tests using the Melanoma data set.

Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)
1 0.4955 0.1808 0.6478 0.0482
2 0.5115 0.1917 0.6053 0.1352
3 0.4615 0.1511 0.5813 0.0982
4 0.4855 0.2309 0.6310 0.1073
5 0.5198 0.1652 0.6335 0.1130

avg. 0.4948 0.1839 0.6198 0.1004

Table 19.2: Results similarity statistics for tests using the Thyroid data set.

Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)

1 0.4650 0.1065 0.5918 0.0616
2 0.4852 0.1129 0.6591 0.0475
3 0.4640 0.1026 0.5875 0.0673
4 0.4933 0.1029 0.6053 0.0581

5 0.4472 0.1747 0.6363 0.0973
avg. 0.4709 0.1199 0,6160 0,0664

Table 19.3: Results similarity statistics for tests using the Wisconsin data set.

Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)
1 0.4438 0.1513 0.6050 0.1229
2 0.4611 0.2040 0.5946 0.1681
3 0.4081 0.1550 0.7164 0.1329
4 0.4252 0.3342 0.7367 0.1833
5 0.4771 0.1459 0.5904 0.1199
avg. 0.4431 0.1981 0.6486 0.1454
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Table 19.4: Results similarity statistics for tests using the NOx data set.

Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)

1 0.3991 0.1705 0.6038 0.1673
2 0.4279 0.1546 0.6518 0.0825
3 0.3966 0.1359 0.5761 0.1608
4 0.4009 0.1299 0.6780 0.1265
5 0.4498 0.1300 0.5555 0.0904

avg. 0.4149 0.1442 0.6130 0.1255

Table 19.5: Pruned results similarity statistics for tests using the Melanoma data

set.
Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)

1 0.5971 0.3605 0.7404 0.3164
2 0.6417 0.3318 0.7188 0.3041
3 0.5047 0.2497 0.5769 0.2276
4 0.5662 0.2253 0.6796 0.2529
5 0.5442 0.3104 0.7662 0.1708

avg. 0.5708 0.2955 0.6964 0.2544

Table 19.6: Pruned results similarity statistics for tests using the Wisconsin data

set.
Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)
1 0.5832 0.1332 0.6463 0.1015
2 0.5544 0.2168 0.5517 0.2099
3 0.4977 0.1473 0.6073 0.1331
4 0.6065 0.1018 0.7159 0.0857
5 0.5394 0.1987 0.6766 0.1213
avg. 0.5562 0.1596 0.6396 0.1303



19.4. CONCLUSION 333

Table 19.7: Pruned results similarity statistics for tests using the Thyroid data set.

Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)

1 0.5605 0.1488 0.6329 0.0918
2 0.5510 0.1415 0.6679 0.0555
3 0.5577 0.1448 0.6290 0.0931
4 0.5494 0.1159 0.6528 0.0286

5 0.4647 0.2023 0.6626 0.1077
avg. 0.5367 0.1507 0.6490 0.0753

Table 19.8: Pruned results similarity statistics for tests using the NOx data set.

Test run mean(sim) stddev(sim) mean(maxSim) stddev(maxSim)
1 0.6049 0.1995 0.7774 0.1853
2 0.5731 0.1479 0.7089 0.0750
3 0.6055 0.1217 0.7252 0.0757
4 0.6435 0.1352 0.7389 0.0940
5 0.6921 0.0926 0.7702 0.0752
avg. 0.6238 0.1394 0.7441 0.1010

19.4 Conclusion

In this chapter we have discussed results regarding the comparison of models pro-

duced by evolutionary system identification based on genetic programming; using

this similarity estimation we have systematically compared the results obtained for

the identification of NOx emissions of a motor engine as well as medical bench-

mark machine learning data sets. Comparing these results we see that especially

the pruned models, i.e. those that have been deprived of genetic junk, are a lot

more similar to each other. Thus, the results presented here can be seen as another

indication that GP using enhanced selection concepts does not only work, but also

has to be considered reliable with respect to comparability and similarity of results

if there really is a system whose behavior is represented in the given training data.
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Part III

Conclusion
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Chapter 20

Conclusion and Future

Perspectives

In this thesis several techniques have been described that are able to enhance the

power of genetic programming (GP) in data based modeling. In addition to this,

several concepts for monitoring what is going on in the population of a genetic

programming process have been presented; time series data representing measure-

ments of mechatronical systems have been used as well as classification data sets for

demonstrating how these GP concepts effect the GP process.

In Part I we have summarized the basics of evolutionary computation, GP in

general and concepts for selection and parallelization. Data based modeling has also

been described as well as the GP implementation for the HeuristicLab framework;

time series and classification analysis specific aspects for GP have been explored as

well as concepts for local adaptation and the introduction of a priori knowledge into

the GP process. Estimation models for the similarity of GP solution candidates

have also been introduced; these similarity calculations are (amongst others) used

for monitoring population dynamics in GP processes. Part I is concluded by a

discussion of on-line and sliding window genetic programming.

Several test series have been summarized in Part II; these empirical test stud-

ies have been executed and analyzed in order to demonstrate how and how well

evolutionary system identification works using the concepts described in the first

part of this thesis. The most interesting results of these empirical test series can be

summarized in the following way:

• The use of enhanced selection models has significantly positive effects on GP’s
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ability to produce high quality models. For time series as well as classification

data sets we have shown cases in which GP using a combination of proportional

and random parents selection and strict offspring selection was able to generate

models that perform better in terms of achievable solution quality and stability

than those produced using standard GP.

• Sliding window GP, implemented as a generalization of an on-line GP simu-

lation, can be used in order to combat known problems of GP based system

identification such as overfitting and rather high runtime consumption.

• Genetic propagation has been investigated by analyzing which parts of the

population are able to place children into the next generation’s pool of indi-

viduals.

• Population diversity has been investigated in single population GP as well

as in multi-population GP implementations. We have shown that population

diversity in standard GP variants differs significantly from diversity progresses

in standard GP implementations; this can be seen as a result of offspring

selection and the migration frequencies applied in multi-population GP using

various migration concepts.

• The use of pruning strategies as well as fitness based punishment of large

models and the use of fixed complexity limits have been analyzed as strategies

for combating code bloat. This can also be seen in the context of the avoid-

ance of premature convergence: By removing parts of model structures that

are redundant or do not contribute significantly to the models’ performance,

there is more space available that can be used for building better (i.e., more

meaningful) subtree structures.

• Inserting (parts of) models into the GP process as well as extending the func-

tions library and enabling the GP process to build models that use the func-

tions that represent the available knowledge can also help the GP process to

evolve reasonable models. Still, the introduction of a priori knowledge into

the GP process can be dangerous as there can be a significant loss of genetic

diversity if models representing available knowledge are introduced directly

into the GP population with too high frequency.

• Finally, we have analyzed the similarity of models produced by GP in separate

test runs. Using a structural similarity estimation function we have system-

atically compared the results obtained for the identification of NOx emissions

of a motor engine as well as medical benchmark machine learning data sets.

Comparing these results we see that especially the pruned models, i.e. those
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that have been deprived of genetic junk, show a rather high similarity with

each other. These results can be seen as another indication that GP using

enhanced selection concepts does not only work, but also has to be considered

reliable with respect to comparability and similarity of results if there really

is a system whose behavior is represented in the given training data.

We hope that the use of the possibilities for monitoring populations, that have

been presented in this thesis, can help to analyze how and why modifications of

the standard GP process affect GP populations. For example, analyzing the ge-

netic propagation and population diversity results for extended GP gives hints why

the use of gender specific parents selection and offspring selection enables genetic

programming to produce even better models than standard genetic programming.

The implicit ability of GP to perform the selection of relevant variables in combina-

tion with structure identification and parameters optimization is also more obvious

when using extended GP based techniques. In any case, we have presented graphical

representations of the analysis results that are intuitive and easily understandable;

we are convinced that the information provided by these GP population analysis

features can help designers as well as users of GP implementations to tune their GP

applications and thus produce even better results.

Of course, several concepts presented here can be used not only for structure

identification, but also for other GP applications; in fact, several aspects are designed

in such a generic way that they can be transferred to any GA application. This is

why we suggest transferring these concepts to other application areas of evolutionary

computation. Furthermore, even though we have discussed the use of several ways

how to monitor internal processes in GP populations, we have not yet designed

or implemented methods that use this information for steering GP processes; this

surely should be done in the near future.
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[HLdVL07] José Ignacio Hidalgo, Juan Lanchares, Francisco Fernández de Vega,

and Daniel Lombraña. Is the island model fault tolerant? In Pro-

ceedings of the Genetic and Evolutionary Computation Conference



354 BIBLIOGRAPHY

GECCO 2007, pages 2737–2744. Association for Computing Machin-

ery (ACM), 2007.

[HM82] James A. Hanley and Barbara J. McNeil. The meaning and use

of the area under a receiver operating characteristic (ROC) curve.

Radiology, 143:29–36, 1982.
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[Här90] Wolfgang Härdle. Applied Nonparametric Regression. Cambridge

University Press, 1990.

[HRv07] Kenneth Holladay, Kay Robbins, and Jeffery von Ronne. FIFTH:

A stack based GP language for vector processing. In Marc Ebner,
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2003 - 2004 Tutor for computer science at Johannes Kepler Universität,
Linz, Austria

2004/10 - 2006/01 Research assistant at the Institute for Design and Control
of Mechatronical Systems, Johannes Kepler Universität,
Linz, Austria

2005/02 - 2006/03 Junior researcher at Linz Competence Center in
Mechatronics (LCM)

2005/03 - 2005/06 Lecturer at Johannes Kepler Universität
Courses in Mechatronics: Analysis of Mechatronical
Systems

since 2006/02 Research assistant, Translational Research Program project
L284-N04 “GP-Based Techniques for the Design of Virtual
Sensors”, funded by the Austrian Science Fund (FWF)

since 2006/02 Research assistant at Research Center Hagenberg,
Upper Austrian University of Applied Sciences (FH OÖ)
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